A vortex ring: The complex, three-dimensional structure of a smoke ring
is indicated in this cross-sectional view. (Smoke in air.) (Photograph
courtesy of R. H. Magarvey and C. S. MacLatchy, Ref. 4.)



Fluid Kinematics

In the previous three chapters we have defined some basic properties of fluids and have con-
sidered various situations involving fluids that are either at rest or are moving in a rather el-
ementary manner. In general, fluids have a well-known tendency to move or flow. It is very
difficult to “tie down” a fluid and restrain it from moving. The slightest of shear stresses will
cause the fluid to move. Similarly, an appropriate imbalance of normal stresses (pressure)
will cause fluid motion.

In this chapter we will discuss various aspects of fluid motion without being concerned

Kinematics involves with the actual forces necessary to produce the motion. That is, we will consider the kine-

position, velocity, matics of the motion—the velocity and acceleration of the fluid, and the description and vi-
and acceleration, sualization of its motion. The analysis of the specific forces necessary to produce the mo-
not force. tion (the dynamics of the motion) will be discussed in detail in the following chapters. A wide

variety of useful information can be gained from a thorough understanding of fluid kine-
matics. Such an understanding of how to describe and observe fluid motion is an essential
step to the complete understanding of fluid dynamics.

We have all observed fascinating fluid motions like those associated with the smoke
emerging from a chimney or the flow of the atmosphere as indicated by the motion of clouds.
The motion of waves on a lake or the mixing of paint in a bucket provide other common, al-
though quite different, examples of flow visualization. Considerable insight into these fluid
motions can be gained by considering the kinematics of such flows without being concerned
with the specific force that drives them.

4.1 The Velocity Field

In general, fluids flow. That is, there is a net motion of molecules from one point in space to
another point as a function of time. As is discussed in Chapter 1, a typical portion of fluid con-
tains so many molecules that it becomes totally unrealistic (except in special cases) for us to at-
tempt to account for the motion of individual molecules. Rather, we employ the continuum hy-
pothesis and consider fluids to be made up of fluid particles that interact with each other and
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Fluid parameters
can be described by
a field representa-
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V4.1 Velocity field
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with their surroundings. Each particle contains numerous molecules. Thus, we can describe
the flow of a fluid in terms of the motion of fluid particles rather than individual molecules.
This motion can be described in terms of the velocity and acceleration of the fluid particles.

The infinitesimal particles of a fluid are tightly packed together (as is implied by the
continuum assumption). Thus, at a given instant in time, a description of any fluid property
(such as density, pressure, velocity, and acceleration) may be given as a function of the fluid’s
location. This representation of fluid parameters as functions of the spatial coordinates is
termed a field representation of the flow. Of course, the specific field representation may be
different at different times, so that to describe a fluid flow we must determine the various
parameters not only as a function of the spatial coordinates (x, y, z, for example) but also as
a function of time, 7. Thus, to completely specify the temperature, 7, in a room we must spec-
ify the temperature field, 7 = T(x, y, z, t), throughout the room (from floor to ceiling and
wall to wall) at any time of the day or night.

One of the most important fluid variables is the velocity field,

V =ux,y,z, t)i + v(x, y, z, t)i + w(x, y, z, t)ﬁ

where u, v, and w are the x, y, and z components of the velocity vector. By definition, the
velocity of a particle is the time rate of change of the position vector for that particle. As is
illustrated in Fig. 4.1, the position of particle A relative to the coordinate system is given by
its position vector, r,, which (if the particle is moving) is a function of time. The time de-
rivative of this position gives the velocity of the particle, dr,/dt = V,. By writing the ve-
locity for all of the particles we can obtain the field description of the velocity vector
V =V(x,y,z1).

Since the velocity is a vector, it has both a direction and a magnitude. The magnitude
of V, denoted V = |V| = (u* + v* + w?)"2, is the speed of the fluid. (It is very common in
practical situations to call V velocity rather than speed, i.e., “the velocity of the fluid is
12 m/s.) As is discussed in the next section, a change in velocity results in an acceleration.
This acceleration may be due to a change in speed and/or direction.

A velocity field is given by V = (V,/€)(xi — yj) where V, and € are constants. At what lo-
cation in the flow field is the speed equal to V,;? Make a sketch of the velocity field in the
first quadrant (x = 0, y = 0) by drawing arrows representing the fluid velocity at represen-
tative locations.

SoLution

The x, y, and z components of the velocity are given by u = Vyx/€,v = —Vyy/€,andw = 0
so that the fluid speed, V, is
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V
V= (4 0+ w)? = ?"(x2 + )2 6y
The speed is V =V, at any location on the circle of radius € centered at the origin
[(* + ¥)"* = €] as shown in Fig. E4.1a. (Ans)

The direction of the fluid velocity relative to the x axis is given in terms of § = arctan
(v/u) as shown in Fig. E4.1b. For this flow

v —Voy/t -y
tanf = — = ———— = —
u Vox/€ X
y
adl
‘ ’
u
®)
X
(@ B FIGURE E4.1

Thus, along the x axis (y = 0) we see that tan # = 0, so that & = 0° or # = 180°. Similarly,
along the y axis (x = 0) we obtain tan # = =0 so that # = 90° or § = 270°. Also, fory = 0
we find V = (V,x/€)i, while for x = 0 we have V = (—V,y/{)j, indicating (if V, > 0) that
the flow is directed toward the origin along the y axis and away from the origin along the x
axis as shown in Fig. E4.1a.

By determining V and 0 for other locations in the x—y plane, the velocity field can be
sketched as shown in the figure. For example, on the line y = x the velocity is at a —45° an-
gle relative to the x axis (tan 6 = v/u = —y/x = —1). Atthe originx = y = 0sothatV = 0.
This point is a stagnation point. The farther from the origin the fluid is, the faster it is flow-
ing (as seen from Eq. 1). By careful consideration of the velocity field it is possible to de-
termine considerable information about the flow.

\_

4.1.1 Eulerian and Lagrangian Flow Descriptions

There are two general approaches in analyzing fluid mechanics problems (or problems in
other branches of the physical sciences, for that matter). The first method, called the Euler-
ian method, uses the field concept introduced above. In this case, the fluid motion is given
by completely prescribing the necessary properties (pressure, density, velocity, etc.) as func-
tions of space and time. From this method we obtain information about the flow in terms of
what happens at fixed points in space as the fluid flows past those points.

The second method, called the Lagrangian method, involves following individual fluid
particles as they move about and determining how the fluid properties associated with these
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Most fluid mechan-
ics considerations
involve the Eulerian
method.

particles change as a function of time. That is, the fluid particles are “tagged” or identified,
and their properties determined as they move.

The difference between the two methods of analyzing fluid flow problems can be seen
in the example of smoke discharging from a chimney, as is shown in Fig. 4.2. In the Euler-
ian method one may attach a temperature-measuring device to the top of the chimney (point 0)
and record the temperature at that point as a function of time. At different times there are
different fluid particles passing by the stationary device. Thus, one would obtain the tem-
perature, 7, for that location (x = xy, y = ¥y, and z = z,) as a function of time. That is,
T = T(xo, Yo» Zo» )- The use of numerous temperature-measuring devices fixed at various lo-
cations would provide the temperature field, 7 = T(x, y, z, f). The temperature of a particle
as a function of time would not be known unless the location of the particle were known as
a function of time.

In the Lagrangian method, one would attach the temperature-measuring device to a
particular fluid particle (particle A) and record that particle’s temperature as it moves about.
Thus, one would obtain that particle’s temperature as a function of time, T, = T,(z). The use
of many such measuring devices moving with various fluid particles would provide the tem-
perature of these fluid particles as a function of time. The temperature would not be known
as a function of position unless the location of each particle were known as a function of
time. If enough information in Eulerian form is available, Lagrangian information can be de-
rived from the Eulerian data—and vice versa.

Example 4.1 provides an Eulerian description of the flow. For a Lagrangian descrip-
tion we would need to determine the velocity as a function of time for each particle as it
flows along from one point to another.

In fluid mechanics it is usually easier to use the Eulerian method to describe a flow—
in either experimental or analytical investigations. There are, however, certain instances in
which the Lagrangian method is more convenient. For example, some numerical fluid me-
chanics calculations are based on determining the motion of individual fluid particles (based
on the appropriate interactions among the particles), thereby describing the motion in La-
grangian terms. Similarly, in some experiments individual fluid particles are “tagged” and
are followed throughout their motion, providing a Lagrangian description. Oceanographic
measurements obtained from devices that flow with the ocean currents provide this infor-
mation. Similarly, by using X-ray opaque dyes it is possible to trace blood flow in arteries
and to obtain a Lagrangian description of the fluid motion. A Lagrangian description may
also be useful in describing fluid machinery (such as pumps and turbines) in which fluid par-
ticles gain or lose energy as they move along their flow paths.

Another illustration of the difference between the Eulerian and Lagrangian descriptions
can be seen in the following biological example. Each year thousands of birds migrate between
their summer and winter habitats. Ornithologists study these migrations to obtain various
types of important information. One set of data obtained is the rate at which birds pass a cer-

Location O:
T = T(xg, Yo, 1) Particle A:
0 T, =T\
Yo |
| X
-

B FIGURE 4.2 Eulerian and
Lagrangian descriptions of temperature of a
flowing fluid.
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tain location on their migration route (birds per hour). This corresponds to an Eulerian de-
scription—“flowrate” at a given location as a function of time. Individual birds need not be
followed to obtain this information. Another type of information is obtained by “tagging”
certain birds with radio transmitters and following their motion along the migration route.
This corresponds to a Lagrangian description—‘position” of a given particle as a function
of time.

4.1.2 One-, Two-, and Three-Dimensional Flows

Generally, a fluid flow is a rather complex three-dimensional, time-dependent phenomenon—
V=Vxyzit)= ui + 1)_] + wk. In many situations, however, it is possible to make sim-
plifying assumptions that allow a much easier understanding of the problem without sacri-
ficing needed accuracy. One of these simplifications involves approximating a real flow as a
simpler one- or two-dimensional flow.

In almost any flow situation, the velocity field actually contains all three velocity com-
ponents (u, v, and w, for example). In many situations the three-dimensional flow character-
istics are important in terms of the physical effects they produce. (See the photograph at the
beginning of Chapter 4.) For these situations it is necessary to analyze the flow in its com-
plete three-dimensional character. Neglect of one or two of the velocity components in these
cases would lead to considerable misrepresentation of the effects produced by the actual flow.

The flow of air past an airplane wing provides an example of a complex three-
dimensional flow. A feel for the three-dimensional structure of such flows can be obtained
by studying Fig. 4.3, which is a photograph of the flow past a model airfoil; the flow has
been made visible by using a flow visualization technique.

In many situations one of the velocity components may be small (in some sense) rela-
tive to the two other components. In situations of this kind it may be reasonable to neglect
the smaller component and assume two-dimensional flow. Thatis, V = ui + vj, where 1 and
v are functions of x and y (and possibly time, 7).

It is sometimes possible to further simplify a flow analysis by assuming that two of
the velocity components are negligible, leaving the velocity field to be approximated as a
one-dimensional flow field. That is, V = ul. As we will learn from examples throughout the
remainder of the book, although there are very few, if any, flows that are truly one-
dimensional, there are many flow fields for which the one-dimensional flow assumption pro-
vides a reasonable approximation. There are also many flow situations for which use of a
one-dimensional flow field assumption will give completely erroneous results.

m FIGURE 4.3

Flow visualization of the
complex three-dimensional
flow past a model airfoil.
(Photograph by M. R.
Head.)
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4.1.3 Steady and Unsteady Flows

In the previous discussion we have assumed steady flow—the velocity at a given point in space
does not vary with time, dV/d¢t = 0. In reality, almost all flows are unsteady in some sense.
That is, the velocity does vary with time. It is not difficult to believe that unsteady flows are
usually more difficult to analyze (and to investigate experimentally) than are steady flows. Hence,
considerable simplicity often results if one can make the assumption of steady flow without
compromising the usefulness of the results. Among the various types of unsteady flows are
nonperiodic flow, periodic flow, and truly random flow. Whether or not unsteadiness of one or
more of these types must be included in an analysis is not always immediately obvious.

An example of a nonperiodic, unsteady flow is that produced by turning off a faucet
to stop the flow of water. Usually this unsteady flow process is quite mundane and the forces
developed as a result of the unsteady effects need not be considered. However, if the water
is turned off suddenly (as with an electrically operated valve in a dishwasher), the unsteady
effects can become important [as in the “water hammer” effects made apparent by the loud
banging of the pipes under such conditions (Ref. 1)].

In other flows the unsteady effects may be periodic, occurring time after time in basi-
cally the same manner. The periodic injection of the air-gasoline mixture into the cylinder
of an automobile engine is such an example. The unsteady effects are quite regular and re-
peatable in a regular sequence. They are very important in the operation of the engine.

In many situations the unsteady character of a flow is quite random. That is, there is
no repeatable sequence or regular variation to the unsteadiness. This behavior occurs in fur-
bulent flow and is absent from laminar flow. The “smooth” flow of highly viscous syrup onto
a pancake represents a “deterministic” laminar flow. It is quite different from the turbulent
flow observed in the “irregular” splashing of water from a faucet onto the sink below it. The
“irregular” gustiness of the wind represents another random turbulent flow. The differences
between these types of flows are discussed in considerable detail in Chapters 8 and 9.

It must be understood that the definition of steady or unsteady flow pertains to the be-
havior of a fluid property as observed at a fixed point in space. For steady flow, the values
of all fluid properties (velocity, temperature, density, etc.) at any fixed point are independent
of time. However, the value of those properties for a given fluid particle may change with
time as the particle flows along, even in steady flow. Thus, the temperature of the exhaust at
the exit of a car’s exhaust pipe may be constant for several hours, but the temperature of a
fluid particle that left the exhaust pipe five minutes ago is lower now than it was when it left
the pipe, even though the flow is steady.

4.14 Streamlines, Streaklines, and Pathlines

Although fluid motion can be quite complicated, there are various concepts that can be used
to help in the visualization and analysis of flow fields. To this end we discuss the use of
streamlines, streaklines, and pathlines in flow analysis. The streamline is often used in ana-
lytical work while the streakline and pathline are often used in experimental work.

A streamline is a line that is everywhere tangent to the velocity field. If the flow is
steady, nothing at a fixed point (including the velocity direction) changes with time, so the
streamlines are fixed lines in space. (See the photograph at the beginning of Chapter 6.) For
unsteady flows the streamlines may change shape with time. Streamlines are obtained ana-
lytically by integrating the equations defining lines tangent to the velocity field. For two-di-
mensional flows the slope of the streamline, dy/dx,must be equal to the tangent of the angle
that the velocity vector makes with the x axis or

d
@ _v 4.1)
u

dx
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If the velocity field is known as a function of x and y (and ¢ if the flow is unsteady), this
equation can be integrated to give the equation of the streamlines.

For unsteady flow there is no easy way to produce streamlines experimentally in the
laboratory. As discussed below, the observation of dye, smoke, or some other tracer injected
into a flow can provide useful information, but for unsteady flows it is not necessarily in-
formation about the streamlines.

Determine the streamlines for the two-dimensional steady flow discussed in Example 4.1,
V= (Vo/O)(xi = y)).

SoLution
Since u = (Vy/€)x and V = —(V,,/€)y it follows that streamlines are given by solution of the
equation

dy _V_ ~(Vo/O)y  y

dx u (Vo/Ox — x

in which variables can be separated and the equation integrated to give
& _ _[&
y X

Iny = —In x + constant

or

Thus, along the streamline
xy = C, where C is a constant (Ans)

By using different values of the constant C, we can plot various lines in the x—y plane—the
streamlines. The usual notation for a streamline is ¥ = constant on a streamline. Thus, the
equation for the streamlines of this flow are

= xy

As is discussed more fully in Chapter 6, the function ¢y = i (x, y) is called the stream func-
tion. The streamlines in the first quadrant are plotted in Fig. E4.2. A comparison of this fig-
ure with Fig. E4.1a illustrates the fact that streamlines are lines parallel to the velocity field.

y
4
2
y=9
yv=4
y=1 w=0
0 2 4 X B FIGURE E4.2
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For steady flow,
streamlines, streak-
lines, and pathlines
are the same.

EXAMPZILE

A streakline consists of all particles in a flow that have previously passed through a
common point. Streaklines are more of a laboratory tool than an analytical tool. They can
be obtained by taking instantaneous photographs of marked particles that all passed through
a given location in the flow field at some earlier time. Such a line can be produced by con-
tinuously injecting marked fluid (neutrally buoyant smoke in air, or dye in water) at a given
location (Ref. 2). (See Fig. 9.1.) If the flow is steady, each successively injected particle fol-
lows precisely behind the previous one, forming a steady streakline that is exactly the same
as the streamline through the injection point.

For unsteady flows, particles injected at the same point at different times need not fol-
low the same path. An instantaneous photograph of the marked fluid would show the streak-
line at that instant, but it would not necessarily coincide with the streamline through the point
of injection at that particular time nor with the streamline through the same injection point
at a different time (see Example 4.3).

The third method used for visualizing and describing flows involves the use of path-
lines. A pathline is the line traced out by a given particle as it flows from one point to an-
other. The pathline is a Lagrangian concept that can be produced in the laboratory by mark-
ing a fluid particle (dying a small fluid element) and taking a time exposure photograph of
its motion. (See the photographs at the beginning of Chapters 5, 7, and 10.)

If the flow is steady, the path taken by a marked particle (a pathline) will be the same
as the line formed by all other particles that previously passed through the point of injection
(a streakline). For such cases these lines are tangent to the velocity field. Hence, pathlines,
streamlines, and streaklines are the same for steady flows. For unsteady flows none of these
three types of lines need be the same (Ref. 3). Often one sees pictures of “streamlines” made
visible by the injection of smoke or dye into a flow as is shown in Fig. 4.3. Actually, such
pictures show streaklines rather than streamlines. However, for steady flows the two are iden-
tical; only the nomenclature is incorrectly used.

Water flowing from the oscillating slit shown in Fig. E4.3a produces a velocity field given
by V = uysin[w(t — y/vy)]i + v,], where ug, vy, and  are constants. Thus, the y compo-
nent of velocity remains constant (v = v,) and the x component of velocity at y = 0 coin-
cides with the velocity of the oscillating sprinkler head [u = u, sin(w?) at y = 0].

(a) Determine the streamline that passes through the origin at 7 = 0; at 1 = 7/2w.
(b) Determine the pathline of the particle that was at the origin at + = 0; at t = 7/2. (c) Dis-
cuss the shape of the streakline that passes through the origin.

SoLution

(a) Since u = uy sin[w(t — y/v,)] and v = v, it follows from Eq. 4.1 that streamlines are
given by the solution of

dy v Vg

dx  u upsin[w(t — y/vy)]

in which the variables can be separated and the equation integrated (for any given time )

to give
. Y
uOJ sin {w(f - )} dy = DOJ dx,
Vo

uy(vo/w) cos [w (t - j)} = + C (§))]

0

or
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where C is a constant. For the streamline at r = 0 that passes through the origin
(x =y = 0), the value of C is obtained from Eq. 1 as C = uyv,/w. Hence, the equa-
tion for this streamline is

Uy wy
x=—|cos|—]—1 (2) (Ans)
w ’UO
y
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Similarly, for the streamline at ¢t = 7/2w that passes through the origin, Eq. 1 gives
C = 0. Thus, the equation for this streamline is

x=—cos|w|———]|=—cos| - ——
1) 20 v w 2y

x = Mgin (“’y> (3) (Ans)

These two streamlines, plotted in Fig. E4.3b, are not the same because the flow is un-
steady. For example, at the origin (x = y = 0) the velocity is V = v, J at t = 0 and
V= uol + vy j at t = m/2w. Thus, the angle of the streamline passing through the ori-
gin changes with time. Similarly, the shape of the entire streamline is a function of time.

or

(b) The pathline of a particle (the location of the particle as a function of time) can be ob-

tained from the velocity field and the definition of the velocity. Since u = dx/dt and
v = dy/dt we obtain
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(c)

g [o(= )] e G
- = sSin | - an - =
a v, d°

The y equation can be integrated (since v, = constant) to give the y coordinate of the
pathline as

y =5t + C; 4

where C, is a constant. With this known y = y(r) dependence, the x equation for the
pathline becomes

dx . vyt + C; C(Cw
5~ Mosin | @ I—T = —u,sin o

This can be integrated to give the x component of the pathline as

x=—|uysin| — ||t + C, Q)
L)

where C, is a constant. For the particle that was at the origin (x = y = 0) at time ¢t = 0,
Egs. 4 and 5 give C, = C, = 0. Thus, the pathline is

x=0 and y= vt (6) (Ans)

Similarly, for the particle that was at the origin at t = /2w, Eqs. 4 and 5 give C, =
—7vy/2w and C, = —muy/2w. Thus, the pathline for this particle is

T T
x = u0<t — 2w> and y = vo<t — 2w> @

The pathline can be drawn by plotting the locus of x(#), y() values for 7 = 0 or by elim-
inating the parameter ¢ from Eq. 7 to give

Vo
y=—x (8) (Ans)

Uy

The pathlines given by Eqgs. 6 and 8, shown in Fig. E4.3c, are straight lines from the
origin (rays). The pathlines and streamlines do not coincide because the flow is
unsteady.
The streakline through the origin at time r = 0 is the locus of particles at + = 0 that
previously (¢ < 0) passed through the origin. The general shape of the streaklines can
be seen as follows. Each particle that flows through the origin travels in a straight line
(pathlines are rays from the origin), the slope of which lies between * v,/u, as shown
in Fig. E4.3d. Particles passing through the origin at different times are located on dif-
ferent rays from the origin and at different distances from the origin. The net result is
that a stream of dye continually injected at the origin (a streakline) would have the shape
shown in Fig. E4.3d. Because of the unsteadiness, the streakline will vary with time,
although it will always have the oscillating, sinuous character shown. Similar streak-
lines are given by the stream of water from a garden hose nozzle that oscillates back
and forth in a direction normal to the axis of the nozzle.

In this example neither the streamlines, pathlines, nor streaklines coincide. If the
flow were steady all of these lines would be the same.
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4.2 The Acceleration Field

Acceleration is the
time rate of change
of velocity for a
given particle.

As indicated in the previous section, we can describe fluid motion by either (1) following in-
dividual particles (Lagrangian description) or (2) remaining fixed in space and observing dif-
ferent particles as they pass by (Eulerian description). In either case, to apply Newton’s sec-
ond law (F = ma) we must be able to describe the particle acceleration in an appropriate
fashion. For the infrequently used Lagrangian method, we describe the fluid acceleration just
as is done in solid body dynamics—a = a (¢) for each particle. For the Eulerian description
we describe the acceleration field as a function of position and time without actually fol-
lowing any particular particle. This is analogous to describing the flow in terms of the ve-
locity field, V = V (x, y, z, t), rather than the velocity for particular particles. In this section
we will discuss how to obtain the acceleration field if the velocity field is known.

The acceleration of a particle is the time rate of change of its velocity. For unsteady
flows the velocity at a given point in space (occupied by different particles) may vary with
time, giving rise to a portion of the fluid acceleration. In addition, a fluid particle may ex-
perience an acceleration because its velocity changes as it flows from one point to another
in space. For example, water flowing through a garden hose nozzle under steady conditions
(constant number of gallons per minute from the hose) will experience an acceleration as it
changes from its relatively low velocity in the hose to its relatively high velocity at the tip
of the nozzle.

4.2.1

Consider a fluid particle moving along its pathline as is shown in Fig. 4.4. In general, the
particle’s velocity, denoted V, for particle A, is a function of its location and the time. That
is,

The Material Derivative

V= V(s 1) = Va[xu(2), ya(2), za(2), 1]

where x, = x4 (¢), y4 = y4 (), and 74, = z, (¢) define the location of the moving particle. By
definition, the acceleration of a particle is the time rate of change of its velocity. Since the
velocity may be a function of both position and time, its value may change because of the
change in time as well as a change in the particle’s position. Thus, we use the chain rule of
differentiation to obtain the acceleration of particle A, denoted a,, as

av oV oV, dx ov, d oV, dz
a ()= A= DA Tl CTaDh Ca @2)
dt ot ax dt dy dt dz dt
z
Particle A at
time ¢
Particle path/ I
- Z‘(rA, 1)

z,4(1)

B FIGURE 4.4 \Velocity
V4(0) and position of particle A at
X time ¢.
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Using the fact that the particle velocity components are given by u, = dx,/dt,
v, = dy,/dt, and w, = dz,/dt, Eq. 4.2 becomes
A% A% A% av,
ay =t v oy
ot 0x dy 0z

Since the above is valid for any particle, we can drop the reference to particle A and obtain
the acceleration field from the velocity field as

oV A% oV oV
a=—+u—+v_—+w_—

w 4.3)
ot ax dy 0z

This is a vector result whose scalar components can be written as

ay=—+tu—+vo—+w_— 4.4)

and

where a,, a,, and a, are the x, y, and z components of the acceleration.
The above result is often written in shorthand notation as

_Dv
Dt
where the operator

DO o), ), ), i)

A . vl 4w 4.5)
Dt ot 0x dy dz

The material deriv- is termed the material derivative or substantial derivative. An often-used shorthand notation

it s i o dle for the material derivative operator is

scribe time rates of D( ) 8( )

charfge Jfor a given ——=——+(V:-V)() (4.6)

particle. Dt at

The dot product of the velocity vector, V, and the gradient operator, V( ) = a( )/oxi + a( )/
8yj + a( )/oz k (a vector operator) provides a convenient notation for the spatial derivative
terms appearing in the Cartesian coordinate representation of the material derivative. Note that
the notation V + V represents the operator V + V( ) = ud( )/dx + vd( )/dy + wd( )/dz.

The material derivative concept is very useful in analysis involving various fluid
parameters, not just the acceleration. The material derivative of any variable is the rate at
which that variable changes with time for a given particle (as seen by one moving along
with the fluid—the Lagrangian description). For example, consider a temperature field
T = T(x, y, z, t) associated with a given flow, like that shown in Fig. 4.2. It may be of inter-
est to determine the time rate of change of temperature of a fluid particle (particle A) as it
moves through this temperature field. If the velocity, V = V (x, y, z, £), is known, we can ap-
ply the chain rule to determine the rate of change of temperature as

dt ot ox dt dy dt dz dt

dTy, 9T, 0Tydx, 9Tyd T, dz
A _ %04, Hadla | Oladya | 90442
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This can be written as

T _ ot

Dt ot

oT oT or  oT
u_—tov_—+
0x ay dz

As in the determination of the acceleration, the material derivative operator, D( )/Dt, appears.
An incompressible, inviscid fluid flows steadily past a sphere of radius a, as shown in

Fig. E4.4a. According to a more advanced analysis of the flow, the fluid velocity along stream-
line A-B is given by

2 @\
V=uxi=Vll+—5])i
X

aX
d / (VZla)
| 2 -3 -2 -1
A e E X ::'J ‘B xla
\P\ -0.2
—|
Vo -0.4
(a) -0.6
B FIGURE E4.4 (b)

where V) is the upstream velocity far ahead of the sphere. Determine the acceleration expe-
rienced by fluid particles as they flow along this streamline.

SoLution

Along streamline A—B there is only one component of velocity (v = w = 0) so that from
Eq. 4.3

A% A% ou ou\ »
a=—+u—=—+u_—]Ji
Jat ox Jat ox
or
u Ju
a,=—+tu—, a, =0, a. =0
Jat ox

Since the flow is steady the velocity at a given point in space does not change with time.
Thus, du/dt = 0. With the given velocity distribution along the streamline, the acceleration
becomes

9 3

4 = u— = v0<1 + "3) Vo[ (—=3x9)]
ax X

or

1 + (a/x)

a, = _3(V%/a) ()C/a)4

(Ans)
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The local derivative
is a result of the
unsteadiness of the

Sflow.

Along streamline A~B(—® =< x = —qg and y = 0) the acceleration has only an x component
and it is negative (a deceleration). Thus, the fluid slows down from its upstream velocity of
V= Vof at x = — to its stagnation point velocity of V = 0 at x = —a, the “nose” of the
sphere. The variation of a, along streamline A-B is shown in Fig. E4.4b. It is the same re-
sult as is obtained in Example 3.1 by using the streamwise component of the acceleration,
a, = VdV/ds. The maximum deceleration occurs at x = —1.205a and has a value of
a, = —0.610V¥/a.

In general, for fluid particles on streamlines other than A-B, all three components of
the acceleration (a,, a,, and a,) will be nonzero.

\_

Fairly large accelerations (or decelerations) often occur in fluid flows. Consider air
flowing past a baseball of radius a = 0.14 ft with a velocity of V, = 100 mi/hr = 147 ft/s.
According to the results of Example 4.4, the maximum deceleration of an air particle ap-
proaching the stagnation point along the streamline in front of the ball is

0.610(147 ft/s)? 042 X 10 fi/s?
L= _ = — = . t

|t max = ] = 0,168 1 014 ft S
This is a deceleration of approximately 3000 times that of gravity. In some situations the ac-
celeration or deceleration experienced by fluid particles may be very large. An extreme case
involves flow through shock waves that can occur in supersonic flow past objects (see
Chapter 11). In such circumstances the fluid particles may experience decelerations hun-
dreds of thousands of times greater than gravity. Large forces are obviously needed to pro-
duce such accelerations.

4.2.2 Unsteady Effects

As is seen from Eq. 4.5, the material derivative formula contains two types of terms—those
involving the time derivative [d( )/d¢] and those involving spatial derivatives [d( )/ox,
d( )/dy, and d( )/dz]. The time derivative portions are denoted as the local derivative. They
represent effects of the unsteadiness of the flow. If the parameter involved is the accelera-
tion, that portion given by dV/dt is termed the local acceleration. For steady flow the time
derivative is zero throughout the flow field [d( )/dt = 0], and the local effect vanishes. Phys-
ically, there is no change in flow parameters at a fixed point in space if the flow is steady.
There may be a change of those parameters for a fluid particle as it moves about, however.

If a flow is unsteady, its parameter values (velocity, temperature, density, etc.) at any
location may change with time. For example, an unstirred (V = 0) cup of coffee will cool
down in time because of heat transfer to its surroundings. That is, DT/Dt = 9T/t + V + VT
= 9T/t < 0. Similarly, a fluid particle may have nonzero acceleration as a result of the un-
steady effect of the flow. Consider flow in a constant diameter pipe as is shown in Fig. 4.5.
The flow is assumed to be spatially uniform throughout the pipe. That is, V = Vo(t)f at all
points in the pipe. The value of the acceleration depends on whether V is being increased,
aVy/ot > 0, or decreased, dV,/9t < 0. Unless V; is independent of time (V;, = constant) there
will be an acceleration, the local acceleration term. Thus, the acceleration field, a = 9V,/dt i
is uniform throughout the entire flow, although it may vary with time (9V,/d¢ need not be
constant). The acceleration due to the spatial variations of velocity (u du/dx, v dv/dy, etc.)
vanishes automatically for this flow, since du/dx = 0 and v = w = 0. That is,

v A% A% aV. oV dVy.

a=—+u—+vo—+w 1
ot 0x dy dz ot ot
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I 0
>/ .
= B FIGURE 4.5 Uniform, unsteady

Vol®) flow in a constant diameter pipe.

4.2.3 Convective Effects

The portion of the material derivative (Eq. 4.5) represented by the spatial derivatives is termed

T aravad e G- the convective derivative. It represents the fact that a flow property associated with a fluid

vt G @ masah particle may vary because of the motion of the particle from one point in space where the
of the spatial varia- ~ parameter has one value to another point in space where its value is different. This contri-
tion of the flow. bution to the time rate of change of the parameter for the particle can occur whether the flow

is steady or unsteady. It is due to the convection, or motion, of the particle through space
in which there is a gradient [V( ) = a( )/axi + a( )/ayj + d( )/dz K] in the parameter
value. That portion of the acceleration given by the term (V - V)V is termed the convective
acceleration.

As is illustrated in Fig. 4.6, the temperature of a water particle changes as it flows
through a water heater. The water entering the heater is always the same cold temperature
and the water leaving the heater is always the same hot temperature. The flow is steady. How-
ever, the temperature, 7, of each water particle increases as it passes through the heater—
T, > T, Thus, DT/Dt # 0 because of the convective term in the total derivative of the
temperature. That is, 97/9¢ = 0, but u 9T/dx # 0 (where x is directed along the streamline),
since there is a nonzero temperature gradient along the streamline. A fluid particle traveling
along this nonconstant temperature path (d7/0x # 0) at a specified speed (u) will have its
temperature change with time at a rate of DT/Dt = u dT/dx even though the flow is steady
(9T/9r = 0).

The same types of processes are involved with fluid accelerations. Consider flow in a
variable area pipe as shown in Fig. 4.7. It is assumed that the flow is steady and one-
dimensional with velocity that increases and decreases in the flow direction as indicated. As
the fluid flows from section (1) to section (2), its velocity increases from V| to V,. Thus, even
though 9V/ar = 0, fluid particles experience an acceleration given by a, = u du/dx. For
x; < x < x, it is seen that du/dx > 0 so that a, > O—the fluid accelerates. For
x, < x < xs, it is seen that du/dx < 0O so that a, < O—the fluid decelerates. If V, = V;,
the amount of acceleration precisely balances the amount of deceleration even though the
distances between x, and x; and x; and x, are not the same.

u=Vy=Vy<V,

u=" u=V,>Vv,

X2
Xq X3

B FIGURE 4.6 Steady- B FIGURE 4.7 Uniform, steady flow in a variable
state operation of a water heater. area pipe.
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EXAMPZIEE

Consider the steady, two-dimensional flow field discussed in Example 4.2. Determine the ac-
celeration field for this flow.

§oLution

In general, the acceleration is given by

DV 3V A% A% A% A%
a=—=—+V-V)(V)=—+u v—+w— @

Dt ot ot 0x Jdy 0z
where the velocity is given by V = (V,/€)(xi — yj) so that u = (Vo/€)x and v = —(V,/€)y.
For steady [d( )/dt = 0], two-dimensional [w = 0 and d( )/dz = 0] flow, Eq. 1 becomes

oV A% u o\ » v v\
a=uy—+v—=\u—+v—|Ji+tlu—+v—)
ady ax ay y

Hence, for this flow the acceleration is given by
w= () (@)« ()oroli+ (2o + ()0 (7))

V(z)x V(Z)y
x = €2 ’ y = €2

The fluid experiences an acceleration in both the x and y directions. Since the flow is steady,
there is no local acceleration—the fluid velocity at any given point is constant in time. How-
ever, there is a convective acceleration due to the change in velocity from one point on the
particle’s pathline to another. Recall that the velocity is a vector—it has both a magnitude
and a direction. In this flow both the fluid speed (magnitude) and flow direction change with
location (see Fig. E4.1a).

For this flow the magnitude of the acceleration is constant on circles centered at the
origin, as is seen from the fact that

or

a a (Ans)

\ 2
ol = (@ @+ @) = (2] (2 ey @

Also, the acceleration vector is oriented at an angle 6 from the x axis, where

a
tanf):fy:X
.X
YA

! 4

| /

| / —v
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7
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0 x B FIGURE E4.5
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This is the same angle as that formed by a ray from the origin to point (x, y). Thus, the ac-
celeration is directed along rays from the origin and has a magnitude proportional to the dis-
tance from the origin. Typical acceleration vectors (from Eq. 2) and velocity vectors (from
Example 4.1) are shown in Fig. E4.5 for the flow in the first quadrant. Note that a and V are
not parallel except along the x and y axes (a fact that is responsible for the curved pathlines
of the flow), and that both the acceleration and velocity are zero at the origin (x = y = 0).
An infinitesimal fluid particle placed precisely at the origin will remain there, but its neigh-

bors (no matter how close they are to the origin) will drift away.

\_

The concept of the material derivative can be used to determine the time rate of change
of any parameter associated with a particle as it moves about. Its use is not restricted to fluid
mechanics alone. The basic ingredients needed to use the material derivative concept are the
field description of the parameter, P = P(x, y, z, 1), and the rate at which the particle moves
through that field, V = V (x, y, z, 7).

A manufacturer produces a perishable product in a factory located at x = 0 and sells the
product along the distribution route x > 0. The selling price of the product, P, is a function
of the length of time after it was produced, ¢, and the location at which it is sold, x. That is,
P = P (x, ). At a given location the price of the product decreases in time (it is perishable)
according to 0P/dt = —C,, where C, is a positive constant (dollars per hour). In addition,
because of shipping costs the price increases with distance from the factory according to
dP/dx = C,, where C, is a positive constant (dollars per mile). If the manufacturer wishes to
sell the product for the same price anywhere along the distribution route, determine how fast
he must travel along the route.

SoLurion

For a given batch of the product (Lagrangian description), the time rate of change of the price
can be obtained by using the material derivative

DpP P oP oP oP oP  oP oP
— = . tv—+w—=—+u_—

= v w u
Dt ot ot ax dy 0z ot ax

We have used the fact that the motion is one-dimensional with V = uf, where u is the speed
at which the product is convected along its route. If the price is to remain constant as the
product moves along the distribution route, then

Thus, the correct delivery speed is

_ —aP/t G
GP/GX C2

(Ans)

With this speed, the decrease in price because of the local effect (dP/dt) is exactly balanced
by the increase in price due to the convective effect (1 dP/dx). A faster delivery speed will
cause the price of the given batch of the product to increase in time (DP/Dt > 0 it is rushed
to distant markets before it spoils), while a slower delivery speed will cause its price to de-
crease (DP/Dt < 0; the increased costs due to distance from the factory is more than offset
by reduced costs due to spoilage).

\_
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Streamline coordi-
nates provide a
natural coordinate
system for a flow.

4.2.4 Streamline Coordinates

In many flow situations it is convenient to use a coordinate system defined in terms of the
streamlines of the flow. An example for steady, two-dimensional flows is illustrated in Fig. 4.8.
Such flows can be described either in terms of the usual x, y Cartesian coordinate system (or
some other system such as the r, 6 polar coordinate system) or the streamline coordinate sys-
tem. In the streamline coordinate system the flow is described in terms of one coordinate
along the streamlines, denoted s, and the second coordinate normal to the streamlines, de-
noted n. Unit vectors in these two directions are denoted by § and i, as shown in the figure.
Care is needed not to confuse the coordinate distance s (a scalar) with the unit vector along
the streamline direction, §.

The flow plane is therefore covered by an orthogonal curved net of coordinate lines.
At any point the s and » directions are perpendicular, but the lines of constant s or constant
n are not necessarily straight. Without knowing the actual velocity field (hence, the stream-
lines) it is not possible to construct this flow net. In many situations appropriate simplifying
assumptions can be made so that this lack of information does not present an insurmount-
able difficulty. One of the major advantages of using the streamline coordinate system is that
the velocity is always tangent to the s direction. That is,

V=Vs

This allows simplifications in describing the fluid particle acceleration and in solving the
equations governing the flow.
For steady, two-dimensional flow we can determine the acceleration as
DV .
aZEZass—i—ann
where a, and a, are the streamline and normal components of acceleration, respectively. We
use the material derivative because by definition the acceleration is the time rate of change
of the velocity of a given particle as it moves about. If the streamlines are curved, both the
speed of the particle and its direction of flow may change from one point to another. In gen-
eral, for steady flow both the speed and the flow direction are a function of location—
V = V(s,n) and § = §(s, n). For a given particle, the value of s changes with time, but the
value of n remains fixed because the particle flows along a streamline defined by n = con-
stant. (Recall that streamlines and pathlines coincide in steady flow.) Thus, application of the
chain rule gives

Streamlines

B FIGURE 4.8

Streamline coordinate

| \ ) ~  system for two-
dimensional flow.




Streamline and
normal components
of acceleration oc-
cur even in steady

flows.

4.2 The Acceleration Field ®m 179

D(VS) DV, DS
=—S+V—
Dt Dt Dt

a=

or
(av aV ds 6Vdn>A (as asds 98 dn)
=\—+——+—— Vi +——+——

ot ds dt on dt S Jdt  dsdt ondt

This can be simplified by using the fact that for steady flow nothing changes with time at a
given point so that both dV/dt and 98/9t are zero. Also, the velocity along the streamline is
V = ds/dt and the particle remains on its streamline (n = constant) so that dn/dt = 0. Hence,

AAW 08
= (25 v(v)
as as

The quantity 98/ds represents the limit as 6s — 0 of the change in the unit vector along
the streamline, 08, per change in distance along the streamline, 8s. The magnitude of § is
constant (|8 = 1; it is a unit vector), but its direction is variable if the streamlines are curved.
From Fig. 4.9 it is seen that the magnitude of d8/ds is equal to the inverse of the radius of
curvature of the streamline, R, at the point in question. This follows because the two trian-
gles shown (AOB and A'O’'B’) are similar triangles so that &s/R = |68|/|S| = |88|, or
|68/8s| = 1/R. Similarly, in the limit §s — 0, the direction of 88/8s is seen to be normal to
the streamline. That is,

a8 . 68 n

— = lim — = —

ds  65—008s R

Hence, the acceleration for steady, two-dimensional flow can be written in terms of its stream-
wise and normal components in the form

v, V2 v v

a=V—S§8+—h or a,=V— a, )

4.7
as R as’ @7

The first term, a, = V 9V/ds, represents the convective acceleration along the streamline and
the second term, a, = V */%R, represents centrifugal acceleration (one type of convective ac-
celeration) normal to the fluid motion. These components can be noted in Fig. E4.5 by re-
solving the acceleration vector into its components along and normal to the velocity vector.
Note that the unit vector fi is directed from the streamline toward the center of curvature.

These forms of the acceleration are probably familiar from previous dynamics or physics
considerations.

m FIGURE 4.9
Relationship between
the unit vector along
the streamline, S, and
" the radius of curvature
of the streamline, .
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4.3 Control Volume and System Representations

Both control vol-
ume and system
concepts can be
used to describe

fluid flow.

As is discussed in Chapter 1, a fluid is a type of matter that is relatively free to move and
interact with its surroundings. As with any matter, a fluid’s behavior is governed by a set of
fundamental physical laws which are approximated by an appropriate set of equations. The
application of laws such as the conservation of mass, Newton’s laws of motion, and the laws
of thermodynamics form the foundation of fluid mechanics analyses. There are various ways
that these governing laws can be applied to a fluid, including the system approach and the
control volume approach. By definition, a system is a collection of matter of fixed identity
(always the same atoms or fluid particles), which may move, flow, and interact with its sur-
roundings. A control volume, on the other hand, is a volume in space (a geometric entity, in-
dependent of mass) through which fluid may flow.

A system is a specific, identifiable quantity of matter. It may consist of a relatively
large amount of mass (such as all of the air in the earth’s atmosphere), or it may be an in-
finitesimal size (such as a single fluid particle). In any case, the molecules making up the
system are “tagged” in some fashion (dyed red, either actually or only in your mind) so that
they can be continually identified as they move about. The system may interact with its sur-
roundings by various means (by the transfer of heat or the exertion of a pressure force, for
example). It may continually change size and shape, but it always contains the same mass.

A mass of air drawn into an air compressor can be considered as a system. It changes
shape and size (it is compressed), its temperature may change, and it is eventually expelled
through the outlet of the compressor. The matter associated with the original air drawn into
the compressor remains as a system, however. The behavior of this material could be inves-
tigated by applying the appropriate governing equations to this system.

One of the important concepts used in the study of statics and dynamics is that of the
free-body diagram. That is, we identify an object, isolate it from its surroundings, replace its
surroundings by the equivalent actions that they put on the object, and apply Newton’s laws
of motion. The body in such cases is our system—an identified portion of matter that we
follow during its interactions with its surroundings. In fluid mechanics, it is often quite dif-
ficult to identify and keep track of a specific quantity of matter. A finite portion of a fluid
contains an uncountable number of fluid particles that move about quite freely, unlike a solid
that may deform but usually remains relatively easy to identify. For example, we cannot as
easily follow a specific portion of water flowing in a river as we can follow a branch float-
ing on its surface.

We may often be more interested in determining the forces put on a fan, airplane, or
automobile by air flowing past the object than we are in the information obtained by fol-
lowing a given portion of the air (a system) as it flows along. For these situations we often
use the control volume approach. We identify a specific volume in space (a volume associ-
ated with the fan, airplane, or automobile, for example) and analyze the fluid flow within,
through, or around that volume. In general, the control volume can be a moving volume, al-
though for most situations considered in this book we will use only fixed, nondeformable
control volumes. The matter within a control volume may change with time as the fluid flows
through it. Similarly, the amount of mass within the volume may change with time. The con-
trol volume itself is a specific geometric entity, independent of the flowing fluid.

Examples of control volumes and control surfaces (the surface of the control volume)
are shown in Fig. 4.10. For case (a), fluid flows through a pipe. The fixed control surface
consists of the inside surface of the pipe, the outlet end at section (2), and a section across
the pipe at (1). One portion of the control surface is a physical surface (the pipe), while the
remainder is simply a surface in space (across the pipe). Fluid flows across part of the con-
trol surface, but not across all of it.



The governing laws
of fluid motion are
stated in terms of
fluid systems, not
control volumes.
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Jet engine

Balloon

(1) (2)

B FIGURE 4.10 Typical control volumes: (@) fixed control volume, (b) fixed or moving
control volume, (c) deforming control volume.

Another control volume is the rectangular volume surrounding the jet engine shown
in Fig. 4.10b. If the airplane to which the engine is attached is sitting still on the runway,
air flows through this control volume because of the action of the engine within it. The air
that was within the engine itself at time 7 = 7, (a system) has passed through the engine and
is outside of the control volume at a later time ¢ = ¢, as indicated. At this later time other
air (a different system) is within the engine. If the airplane is moving, the control volume
is fixed relative to an observer on the airplane, but it is a moving control volume relative
to an observer on the ground. In either situation air flows through and around the engine as
indicated.

The deflating balloon shown in Fig. 4.10c provides an example of a deforming con-
trol volume. As time increases, the control volume (whose surface is the inner surface of the
balloon) decreases in size. If we do not hold onto the balloon, it becomes a moving, de-
forming control volume as it darts about the room. The majority of the problems we will an-
alyze can be solved by using a fixed, nondeforming control volume. In some instances, how-
ever, it will be advantageous, in fact necessary, to use a moving, deforming control volume.

In many ways the relationship between a system and a control volume is similar to the
relationship between the Lagrangian and Eulerian flow description introduced in Sec-
tion 4.1.1. In the system or Lagrangian description, we follow the fluid and observe its be-
havior as it moves about. In the control volume or Eulerian description we remain station-
ary and observe the fluid’s behavior at a fixed location. (If a moving control volume is used,
it virtually never moves with the system—the system flows through the control volume.)
These ideas are discussed in more detail in the next section.

All of the laws governing the motion of a fluid are stated in their basic form in terms
of a system approach. For example, “the mass of a system remains constant,” or “the time
rate of change of momentum of a system is equal to the sum of all the forces acting on the
system.” Note the word system, not control volume, in these statements. To use the govern-
ing equations in a control volume approach to problem solving, we must rephrase the laws
in an appropriate manner. To this end we introduce the Reynolds transport theorem in the
following section.

4.4 The Reynolds Transport Theorem

We are sometimes interested in what happens to a particular part of the fluid as it moves
about. Other times we may be interested in what effect the fluid has on a particular object
or volume in space as fluid interacts with it. Thus, we need to describe the laws governing
fluid motion using both system concepts (consider a given mass of the fluid) and control vol-
ume concepts (consider a given volume). To do this we need an analytical tool to shift from
one representation to the other. The Reynolds transport theorem provides this tool.
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Differences between
control volume and
system concepts are
subtle but very
important.

All physical laws are stated in terms of various physical parameters. Velocity, acceler-
ation, mass, temperature, and momentum are but a few of the more common parameters. Let
B represent any of these (or other) fluid parameters and b represent the amount of that para-
meter per unit mass. That is,

B = mb

where m is the mass of the portion of fluid of interest. For example, if B = m, the mass, it
follows that b = 1. (The mass per unit mass is unity.) If B = mV?/2, the kinetic energy of
the mass, then b = V?/2, the kinetic energy per unit mass. The parameters B and b may be
scalars or vectors. Thus, if B = mV, the momentum of the mass, then b = V. (The mo-
mentum per unit mass is the velocity.)

The parameter B is termed an extensive property and the parameter b is termed an in-
tensive property. The value of B is directly proportional to the amount of the mass being con-
sidered, whereas the value of b is independent of the amount of mass. The amount of an ex-
tensive property that a system possesses at a given instant, By, can be determined by adding
up the amount associated with each fluid particle in the system. For infinitesimal fluid par-
ticles of size 6% and mass p 6 ¥, this summation (in the limit of § ¥ — 0) takes the form of
an integration over all the particles in the system and can be written as

B, = lim ESbJQSVJ::J pb dV
Sys

SV—0

The limits of integration cover the entire system—a (usually) moving volume. We have used
the fact that the amount of B in a fluid particle of mass p 6¥ is given in terms of b by
OB = bp 6 ¥.

Most of the laws governing fluid motion involve the time rate of change of an exten-
sive property of a fluid system—the rate at which the momentum of a system changes with
time, the rate at which the mass of a system changes with time, and so on. Thus, we often

encounter terms such as
d(J pde)
stys sys

= 4.8
dt dt (4.8)

To formulate the laws into a control volume approach, we must obtain an expression for the
time rate of change of an extensive property within a control volume, B,,, not within a sys-

tem. This can be written as
d b dV
dBCV ( JCV p )

= 4.9
dt dt @.9)

where the limits of integration, denoted by cv, cover the control volume of interest. Although
Egs. 4.8 and 4.9 may look very similar, the physical interpretation of each is quite different.
Mathematically, the difference is represented by the difference in the limits of integration.
Recall that the control volume is a volume in space (in most cases stationary, although if it
moves it need not move with the system). On the other hand, the system is an identifiable
collection of mass that moves with the fluid (indeed it is a specified portion of the fluid). We
will learn that even for those instances when the control volume and the system momentar-
ily occupy the same volume in space, the two quantities dB,y/dt and dB,,/dt need not be
the same. The Reynolds transport theorem provides the relationship between the time rate of
change of an extensive property for a system and that for a control volume—the relation-
ship between Eqs. 4.8 and 4.9.
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Fluid flows from the fire extinguisher tank shown in Fig. E4.7. Discuss the differences be-
tween dB,,,/dt and dB.,/dt if B represents mass.

sys

[ System

— — Control
surface

(a) (b) B FIGURE E4.7

SoLution

With B = m, the system mass, it follows that » = 1 and Eqgs. 4.8 and 4.9 can be written as

d(J pdV)
stys _ dmsys _ sys

dt dt dt
and
d d
dBcv _ dmcv _ (vap V)
dt dr dt

Physically these represent the time rate of change of mass within the system and the time
rate of change of mass within the control volume, respectively. We choose our system to be
the fluid within the tank at the time the valve was opened (¢ = 0) and the control volume
to be the tank itself. A short time after the valve is opened, part of the system has moved
outside of the control volume as is shown in Fig. E4.7b. The control volume remains fixed.
The limits of integration are fixed for the control volume; they are a function of time for the
system.

Clearly, if mass is to be conserved (one of the basic laws governing fluid motion), the
mass of the fluid in the system is constant, so that

dt

On the other hand, it is equally clear that some of the fluid has left the control volume through
the nozzle on the tank. Hence, the amount of mass within the tank (the control volume) de-

creases with time, or
()

<0
dt
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The actual numerical value of the rate at which the mass in the control volume decreases
will depend on the rate at which the fluid flows through the nozzle (that is, the size of the
nozzle and the speed and density of the fluid). Clearly the meanings of dB,y/dt and dB,,/dt
are different. For this example, dB.,/dt < dB/dt. Other situations may have dB./dt =
dB/dt.

44.1 Derivation of the Reynolds Transport Theorem

A simple version of the Reynolds transport theorem relating system concepts to control vol-
ume concepts can be obtained easily for the one-dimensional flow through a fixed control
volume as is shown in Fig. 4.11a. We consider the control volume to be that stationary vol-
ume within the pipe or duct between sections (1) and (2) as indicated. The system that we
consider is that fluid occupying the control volume at some initial time ¢. A short time later,
at time ¢ + &¢, the system has moved slightly to the right. The fluid particles that coincided
with section (2) of the control surface at time ¢ have moved a distance 8¢, = V, 6t to the
right, where V; is the velocity of the fluid as it passes section (2). Similarly, the fluid initially
at section (1) has moved a distance 6¢, = V, 81, where V| is the fluid velocity at section (1).
We assume the fluid flows across sections (1) and (2) in a direction normal to these surfaces
and that V, and V, are constant across sections (1) and (2).

As is shown in Fig. 4.11b, the outflow from the control volume from time ¢ to ¢ + 6t
is denoted as volume II, the inflow as volume I, and the control volume itself as CV. Thus,
the system at time 7 consists of the fluid in section CV (“SYS = CV” at time #), while at
time ¢ + 6¢ the system consists of the same fluid that now occupies sections (CV — I) + IIL.
That is, “SYS = CV — I + II” at time ¢t + &¢t. The control volume remains as section CV
for all time.

If B is an extensive parameter of the system, then the value of it for the system at time
tis

By (1) = Be\(1)

since the system and the fluid within the control volume coincide at this time. Its value at
time ¢ + &t is

By (t + 6t) = B (t + 6t) — By(t + 8t) + By(t + 1)

Thus, the change in the amount of B in the system in the time interval 6¢ divided by this time

— — — Fixed control surface and system
boundary at time 7

— — — System boundary at time ¢ + &¢
(a) (b)

B FIGURE 4.11 Control volume and system for flow through a
variable area pipe.
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interval is given by

6By By (t + 81) = By(1) Bt + 61) — By(t + 61) + By(t + 61) — By (1)

ot ot ot

By using the fact that at the initial time 7 we have By (f) = B,,(t), this ungainly expression
may be rearranged as follows.
OBy _ B.(t +81) = B (t) Bt + 81)  By(r + 51)

= + .
ot ot ot ot 4.10)

In the limit 6t — 0, the left-hand side of Eq. 4.10 is equal to the time rate of change of B for
the system and is denoted as DB,y /Dt. We use the material derivative notation, D( )/Dt, to
denote this time rate of change to emphasize the Lagrangian character of this term. (Recall
from Section 4.2.1 that the material derivative, DP/Dt, of any quantity P represents the time
rate of change of that quantity associated with a given fluid particle as it moves along.) Sim-
ilarly, the quantity DB, /Dt represents the time rate of change of property B associated with
a system (a given portion of fluid) as it moves along.

In the limit 6 — 0, the first term on the right-hand side of Eq. 4.10 is seen to be the
time rate of change of the amount of B within the control volume

 B.(t+ 60— B.(1) B, a(L” bdv)
lim = = 4.11)

510 ot ot ot

The third term on the right-hand side of Eq. 4.10 represents the rate at which the extensive
parameter B flows from the control volume, across the control surface. This can be seen from
the fact that the amount of B within region II, the outflow region, is its amount per unit vol-
ume, pb, times the volume 8 ¥, = A, 8¢, = A, (V,6¢). Hence,

By (t + 8t) = (p2b,)(8¥y) = prbrA,V, 6t

where b, and p, are the constant values of b and p across section (2). Thus, the rate at which
this property flows from the control volume, B, is given by

. . By(t + 61)
By = lim ————= = p,A,V, b, (4.12)
81—0 ot
Similarly, the inflow of B into the control volume across section (1) during the time in-
terval 8¢ corresponds to that in region I and is given by the amount per unit volume times
the volume, 8V, = A, 8¢, = A|(V, &r). Hence,

By (t + o) = (pib))(6¥) = pib)A,V, Ot

where b, and p; are the constant values of b and p across section (1). Thus, the rate on in-
flow of the property B into the control volume, B;,, is given by
. . Byt + o1)
Bin = lim ——= = p1A1V1b1 (4-13)
5t—0 ot
If we combine Egs. 4.10, 4.11, 4.12, and 4.13 we see that the relationship between the
time rate of change of B for the system and that for the control volume is given by
DBS)/S chv

=—"+B

— B 4.14
or = 5 T Bow Bu (4.14)

or
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DBS}’S JB cv

Dt = ot + pA;Voby — piAVib, (4.15)

This is a version of the Reynolds transport theorem valid under the restrictive assumptions
associated with the flow shown in Fig. 4.11—fixed control volume with one inlet and one
outlet having uniform properties (density, velocity, and the parameter b) across the inlet and
outlet with the velocity normal to sections (1) and (2). Note that the time rate of change of B
for the system (the left-hand side of Eq. 4.15 or the quantity in Eq. 4.8) is not necessarily the
same as the rate of change of B within the control volume (the first term on the right-hand
side of Eq. 4.15 or the quantity in Eq. 4.9). This is true because the inflow rate (b,p,V,A,)
and the outflow rate (b, p,V, A,) of the property B for the control volume need not be the same.

Consider again the flow from the fire extinguisher shown in Fig. E4.7. Let the extensive prop-
erty of interest be the system mass (B = m, the system mass, or b = 1) and write the ap-
propriate form of the Reynolds transport theorem for this flow.

SoLurion

Again we take the control volume to be the fire extinguisher, and the system to be the fluid
within it at time 7 = 0. For this case there is no inlet, section (1), across which the fluid flows
into the control volume (A, = 0). There is, however, an outlet, section (2). Thus, the Reynolds
transport theorem, Eq. 4.15, along with Eq. 4.9 with b = 1 can be written as

DmSYS 8<vapdv)

Dr ot + P AV, (1) (Ans)

If we proceed one step further and use the basic law of conservation of mass, we may set
the left-hand side of this equation equal to zero (the amount of mass in a system is constant)

and rewrite Eq. 1 in the form
d ( J pd¥ )

= —p,A,)V. 2
ot P2A2V> )

The physical interpretation of this result is that the rate at which the mass in the tank de-
creases in time is equal in magnitude but opposite to the rate of flow of mass from the exit,
p>A,V,. Note the units for the two terms of Eq. 2 (kg/s or slugs/s). Note that if there were
both an inlet and an outlet to the control volume shown in Fig. E4.7, Eq. 2 would become

9 = piAlV = p AV, 3)

In addition, if the flow were steady, the left-hand side of Eq. 3 would be zero (the amount
of mass in the control would be constant in time) and Eq. 3 would become
P1A VI = pAY,

This is one form of the conservation of mass principle—the mass flowrates into and out of
the control volume are equal. Other more general forms are discussed in Chapter 5.

\_
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B FIGURE 4.12 Control vol-
ume and system for flow through an
arbitrary, fixed control volume.

— — — Fixed control surface and system
boundary at time ¢

— — — System boundary at time ¢ + ¢

Equation 4.15 is a simplified version of the Reynolds transport theorem. We will now
derive it for much more general conditions. A general, fixed control volume with fluid flow-
ing through it is shown in Fig. 4.12. The flow field may be quite simple (as in the above one-
dimensional flow considerations), or it may involve a quite complex, unsteady, three-
dimensional situation. In any case we again consider the system to be the fluid within the
control volume at the initial time 7. A short time later a portion of the fluid (region II) has
exited from the control volume and additional fluid (region I, not part of the original system)
has entered the control volume.

We consider an extensive fluid property B and seek to determine how the rate of change
of B associated with the system is related to the rate of change of B within the control vol-
ume at any instant. By repeating the exact steps that we did for the simplified control vol-
ume shown in Fig. 4.11, we see that Eq. 4.14 is valid for the general case also, provided that
we give the correct interpretation to the terms B, and B;,. In general, the control volume
may contain more (or less) than one inlet and one outlet. A typical pipe system may contain
several inlets and outlets as are shown in Fig. 4.13. In such instances we think of all inlets
grouped together (I = I, + I, + I, + ---) and all outlets grouped together (Il = II, + II, +
I, + ---), at least conceptually.

The term B, represents the net flowrate of the property B from the control volume.
Its value can be thought of as arising from the addition (integration) of the contributions
through each infinitesimal area element of size A on the portion of the control surface

V2
I
V3 f‘c‘]_—rffﬁ
1, ] | |
- T
P N
I [  S— a
Vl—>| i T» — | —
—_—— [—— \\m/m—mom— — = ——
| | A\
[ 3NN
[ O N
|__1 \\/ I
] N
ot N B FIGURE 4.13
[ (& .
\ Typical control volume
Vs with more than one in-

Ve let and outlet.
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v

(a) (b) (c)
B FIGURE 4.14 Outflow across a typical portion of the control surface.

dividing region II and the control volume. This surface is denoted CS,,. As is indicated in
Fig. 4.14, in time 6¢ the volume of fluid that passes across each area element is given by
6% = 8¢, 8A, where 8¢, = 8€ cos 0 is the height (normal to the base, 5A) of the small vol-
ume element, and 6 is the angle between the velocity vector and the outward pointing nor-
mal to the surface, fi. Thus, since 6¢ = V 6t, the amount of the property B carried across the
area element 6A in the time interval &7 is given by

OB = bp 6¥ = bp(V cos 0 5r) A

The rate at which B is carried out of the control volume across the small area element 6A,
denoted 6B, is

out»
. 5 bV cos 0 81) 84
5B = Tim P2V _ jipy (PPV c0s 0504

out 5i—0 Ot 8t—0 ot

= pbV cos 6 6A

By integrating over the entire outflow portion of the control surface, CS,,, we obtain

Bom=J dBy, = J pbV cos 6 dA

out

The quantity V cos 6 is the component of the velocity normal to the area element 6A. From
the definition of the dot product, this can be written as V cos # = V - ii. Hence, an alternate
form of the outflow rate is

B,, = f pbV - dA (4.16)

In a similar fashion, by considering the inflow portion of the control surface, CS;,, as
shown in Fig. 4.15, we find that the inflow rate of B into the control volume is

B, = —J pbV cos 6 dA = —J pbV - fidA 4.17)

CSip

We use the standard notation that the unit normal vector to the control surface, f1, points
out from the control volume. Thus, as is shown in Fig. 4.16, —90° < 6 < 90° for out-
flow regions (the normal component of V is positive; V - fi > 0). For inflow regions
90° < 0 < 270° (the normal component of V is negative; V - fi < 0). The value of cos 6
is, therefore, positive on the CV,, portions of the control surface and negative on the CV;,
portions. Over the remainder of the control surface, there is no inflow or outflow, leading to
V -t = Vcos 6 = 0 on those portions. On such portions either V = 0 (the fluid “sticks” to
the surface) or cos § = 0 (the fluid “slides”along the surface without crossing it) (see Fig.
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B FIGURE 4.15 Inflow across a typical portion of the control surface.

4.16). Therefore, the net flux (flowrate) of parameter B across the entire control surface is

Bout_Bin: j pr'ﬁdA—(_J pr’fldA>

= J pbV - i dA (4.18)

where the integration is over the entire control surface.
By combining Egs. 4.14 and 4.18 we obtain

DBsys chv N
———=——+ | pbV-10dA
Dt ot o
This can be written in a slightly different form by using B., = [ pb d¥ so that
PP 0 pa bV -hd 4.19
=— ¥+ - i dA .
Dt at JCV p JCS p n ( )

Equation 4.19 is the general form of the Reynolds transport theorem for a fixed, nonde-
forming control volume. Its interpretation and use are discussed in the following sections.

4.4.2 Physical Interpretation

The Reynolds transport theorem as given in Eq. 4.19 is widely used in fluid mechanics (and
other areas as well). At first it appears to be a rather formidable mathematical expression—
perhaps one to be steered clear of if possible. However, a physical understanding of the con-
cepts involved will show that it is a rather straightforward, relatively easy-to-use tool. Its pur-
pose is to provide a link between control volume ideas and system ideas.

CS
CS;,
\ o0 CSout
n — N M FIGURE 4.16 Possi-
o V:n=0 n ble velocity configurations on
L2 s Veaso portions of the control sur-

face: (a) inflow, (b) no flow
(a) (b) () across the surface, (c) outflow.
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The left side of Eq. 4.19 is the time rate of change of an arbitrary extensive parame-
ter of a system. This may represent the rate of change of mass, momentum, energy, or an-
gular momentum of the system, depending on the choice of the parameter B.

Because the system is moving and the control volume is stationary, the time rate of
change of the amount of B within the control volume is not necessarily equal to that of the
system. The first term on the right side of Eq. 4.19 represents the rate of change of B within
the control volume as the fluid flows through it. Recall that b is the amount of B per unit
mass, so that pb d¥ is the amount of B in a small volume d¥. Thus, the time derivative of
the integral of pb throughout the control volume is the time rate of change of B within the
control volume at a given time.

The last term in Eq. 4.19 (an integral over the control surface) represents the net flowrate
of the parameter B across the entire control surface. Over a portion of the control surface this
property is being carried out of the control volume (V - fi > 0); over other portions it is be-
ing carried into the control volume (V - it < 0). Over the remainder of the control surface
there is no transport of B across the surface since bV - it = 0, because either b = 0, V = 0,
or V is parallel to the surface at those locations. The mass flowrate through area element 8A,
given by pV - fi 84, is positive for outflow (efflux) and negative for inflow (influx). Each fluid
particle or fluid mass carries a certain amount of B with it, as given by the product of B per
unit mass, b, and the mass. The rate at which this B is carried across the control surface is
given by the area integral term of Eq. 4.19. This net rate across the entire control surface
may be negative, zero, or positive depending on the particular situation involved.

44.3 Relationship to Material Derivative

In Section 4.2.1 we discussed the concept of the material derivative D( )/Dt = d( )/dt +
V-V()=29()ot+ud( )ox +va( )/dy + wad( )/dz. The physical interpretation of this
derivative is that it provides the time rate of change of a fluid property (temperature, veloc-
ity, etc.) associated with a particular fluid particle as it flows. The value of that parameter for
that particle may change because of unsteady effects [the d( )/dr term] or because of effects
associated with the particle’s motion [the V - V() term].

Careful consideration of Eq. 4.19 indicates the same type of physical interpretation for
the Reynolds transport theorem. The term involving the time derivative of the control vol-
ume integral represents unsteady effects associated with the fact that values of the parame-
ter within the control volume may change with time. For steady flow this effect vanishes—
fluid flows through the control volume but the amount of any property, B, within the control
volume is constant in time. The term involving the control surface integral represents the
convective effects associated with the flow of the system across the fixed control surface.
The sum of these two terms gives the rate of change of the parameter B for the system. This
corresponds to the interpretation of the material derivative, D( )/Dt = d( )/t + V - V( ),
in which the sum of the unsteady effect and the convective effect gives the rate of change of
a parameter for a fluid particle. As is discussed in Section 4.2, the material derivative oper-
ator may be applied to scalars (such as temperature) or vectors (such as velocity). This is also
true for the Reynolds transport theorem. The particular parameters of interest, B and b, may
be scalars or vectors.

Thus, both the material derivative and the Reynolds transport theorem equations rep-
resent ways to transfer from the Lagrangian viewpoint (follow a particle or follow a system)
to the Eulerian viewpoint (observe the fluid at a given location in space or observe what hap-
pens in the fixed control volume). The material derivative (Eq. 4.5) is essentially the infini-
tesimal (or derivative) equivalent of the finite size (or integral) Reynolds transport theorem
(Eq. 4.19).
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444 Steady Effects
Consider a steady flow [d( )/0t = 0] so that Eq. 4.19 reduces to

DBSys
= J pbV - i dA (4.20)

In such cases if there is to be a change in the amount of B associated with the system (nonzero
left-hand side), there must be a net difference in the rate that B flows into the control vol-
ume compared with the rate that it flows out of the control volume. That is, the integral of
pbV - 1 over the inflow portions of the control surface would not be equal and opposite to
that over the outflow portions of the surface.

Consider steady flow through the “black box” control volume that is shown in Fig. 4.17.
If the parameter B is the mass of the system, the left-hand side of Eq. 4.20 is zero (conser-
vation of mass for the system as discussed in detail in Section 5.1). Hence, the flowrate of
mass into the box must be the same as the flowrate of mass out of the box because the right-
hand side of Eq. 4.20 represents the net flowrate through the control surface. On the other
hand, assume the parameter B is the momentum of the system. The momentum of the sys-
tem need not be constant. In fact, according to Newton’s second law the time rate of change
of the system momentum equals the net force, F, acting on the system. In general, the left-
hand side of Eq. 4.20 will therefore be nonzero. Thus, the right-hand side, which then rep-
resents the net flux of momentum across the control surface, will be nonzero. The flowrate
of momentum into the control volume need not be the same as the flux of momentum from
the control volume. We will investigate these concepts much more fully in Chapter 5. They
are the basic principles describing the operation of such devices as jet or rocket engines.

For steady flows the amount of the property B within the control volume does not
change with time. The amount of the property associated with the system may or may not
change with time, depending on the particular property considered and the flow situation in-
volved. The difference between that associated with the control volume and that associated
with the system is determined by the rate at which B is carried across the control surface—
the term [ pbV - fidA.

4.4.5 Unsteady Effects

Consider unsteady flow [d( )/t # 0] so that all terms in Eq. 4.19 must be retained. When
they are viewed from a control volume standpoint, the amount of parameter B within the sys-
tem may change because the amount of B within the fixed control volume may change with
time [the d( [, pb d¥)/dt term] and because there may be a net nonzero flow of that para-
meter across the control surface (the [ pbV - fidA term).

For the special unsteady situations in which the rate of inflow of parameter B is exactly
balanced by its rate of outflow, it follows that [ pbV - fidA = 0, and Eq. 4.19 reduces to

Control volume

~.

out

\F B FIGURE 4.17 Steady flow
through a control volume.
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For such cases, any rate of change in the amount of B associated with the system is equal to
the rate of change of B within the control volume. This can be illustrated by considering flow
through a constant diameter pipe as is shown in Fig. 4.18. The control volume is as shown,
and the system is the fluid within this volume at time #,, We assume the flow is one-
dimensional with V = Vi, where V(1) is a function of time, and that the density is constant.
At any instant in time, all particles in the system have the same velocity. We let B =system
momentum = mV = mVol where m is the system mass, so thatb = B/m =V = Vol the
fluid velocity. The magnitude of the momentum efflux across the outlet [section (2)] is
the same as the magnitude of the momentum influx across the inlet [section (1)]. However, the
sign of the efflux is opposite to that of the influx since V - fi > 0 for the outflow and
V - @i < 0 for the inflow. Note that V - it = 0 along the sides of the control volume. Thus,
with V + i = —V; on section (1), V - fi = V; on section (2), and A; = A, we obtain

jpr-ﬁdA= j p(VA)(V - 1) dA

j p(V)(—Ve)dA + j p(Ved)(Vo) dA
(1) ()

—pVZAi+ pV32A =0

It is seen that for this special case Eq. 4.21 is valid. The rate at which the momentum of the
system changes with time is the same as the rate of change of momentum within the control
volume. If Vj, is constant in time, there is no rate of change of momentum of the system and
for this special case each of the terms in the Reynolds transport theorem is zero by itself.

Consider the flow through a variable area pipe shown in Fig. 4.19. In such cases the
fluid velocity is not the same at section (1) as it is at (2). Hence, the efflux of momentum
from the control volume is not equal to the influx of momentum, so that the convective term
in Eq. 4.20 [the integral of pV(V - f1) over the control surface] is not zero. These topics will
be discussed in considerably more detail in Chapter 5.

(1)

B FIGURE 4.19 Flow

———- Control surface through a variable area pipe.
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B FIGURE 4.20 Example of a moving control volume.

4.4.6 Moving Control Volumes

For most problems in fluid mechanics, the control volume may be considered as a fixed vol-
ume through which the fluid flows. There are, however, situations for which the analysis is
simplified if the control volume is allowed to move or deform. The most general situation
would involve a control volume that moves, accelerates, and deforms. As one might expect,
the use of these control volumes can become fairly complex.

A number of important problems can be most easily analyzed by using a nondeform-
ing control volume that moves with a constant velocity. Such an example is shown in Fig. 4.20
in which a stream of water with velocity V, strikes a vane that is moving with constant ve-
locity V. It may be of interest to determine the force, F, that the water puts on the vane.
Such problems frequently occur in turbines where a stream of fluid (water or steam, for ex-
ample) strikes a series of blades that move past the nozzle. To analyze such problems it is
advantageous to use a moving control volume. We will obtain the Reynolds transport theo-
rem for such control volumes.

We consider a control volume that moves with a constant velocity as is shown in
Fig. 4.21. The shape, size, and orientation of the control volume do not change with time.
The control volume merely translates with a constant velocity, V,, as shown. In general, the
velocity of the control volume and the fluid are not the same, so that there is a flow of fluid
through the moving control volume just as in the stationary control volume cases discussed
in Section 4.4.2. The main difference between the fixed and the moving control volume cases
is that it is the relative velocity, W, that carries fluid across the moving control surface,
whereas it is the absolute velocity, V, that carries the fluid across the fixed control surface.
The relative velocity is the fluid velocity relative to the moving control volume—the fluid
velocity seen by an observer riding along on the control volume. The absolute velocity is the
fluid velocity as seen by a stationary observer in a fixed coordinate system.

The difference between the absolute and relative velocities is the velocity of the con-
trol volume, V., =V — W, or

V=W+V, 4.22)

Control volume and system
at time ¢

Particle A at 7,

———~ Control volume
attimet; > 14

—_——

———= System at time 1, > 4

\ >SS -~ - V¢y = Control volume velocity

B FIGURE 4.21 Typical moving control volume and system.
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V, = Absolute velocity of A

) Wy =Velocityof g F| RE 4.22
W, = Velocity of \ B relative GU )

A relative to control  Relationship between
to control volume absolute and relative
volume velocities.

Since the velocity is a vector, we must use vector addition as is shown in Fig. 4.22 to obtain
the relative velocity if we know the absolute velocity and the velocity of the control volume.
Thus, if the water leaves the nozzle in Fig. 4.20 with a velocity of V, = 1001 ft/s and the
vane has a velocity of V, = 20i ft/s (the same as the control volume), it appears to an ob-
server riding on the vane that the water approaches the vane with a velocity of W =V —
V., = 80i ft/s. In general, the absolute velocity, V, and the control volume velocity, V,, will
not be in the same direction so that the relative and absolute velocities will have different di-
rections (see Fig. 4.22).

The Reynolds transport theorem for a moving, nondeforming control volume can be
derived in the same manner that it was obtained for a fixed control volume. As is indicated
in Fig. 4.23, the only difference that needs be considered is the fact that relative to the mov-
ing control volume the fluid velocity observed is the relative velocity, not the absolute ve-
locity. An observer fixed to the moving control volume may or may not even know that he
or she is moving relative to some fixed coordinate system. If we follow the derivation that
led to Eq. 4.19 (the Reynolds transport theorem for a fixed control volume), we note that the
corresponding result for a moving control volume can be obtained by simply replacing the
absolute velocity, V, in that equation by the relative velocity, W. Thus, the Reynolds trans-
port theorem for a control volume moving with constant velocity is given by

DB, 9

= — b dV + bW - fdA 4.23
D ot L” jp " *4.23)

where the relative velocity is given by Eq. 4.22.

4.4.7 Selection of a Control Volume

Any volume in space can be considered as a control volume. It may be of finite size or it
may be infinitesimal in size, depending on the type of analysis to be carried out. In most of
our cases, the control volume will be a fixed, nondeforming volume. In some situations we
will consider control volumes that move with constant velocity. In either case it is important
that considerable thought go into the selection of the specific control volume to be used.

Control volume pres >N
and system at time ¢ / N W=V-V

———— System at time

t+ Ot Flow as seen by an
observer moving with
velocity V¢
) m FIGURE 4.23
Pathlines as

seen from the Control volume and systf.:m as
moving control seen by an observer moving
volume with the control volume.
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Control surface

\ \ \
v o) | v o) | v \q(\u \\ B FIGURE
—>l ‘ —>} ‘ —_ ) 4.24 Various
—_—— = control volumes for
(@) (b) (c) flow through a pipe.

The selection of an appropriate control volume in fluid mechanics is very similar to
the selection of an appropriate free-body diagram in dynamics or statics. In dynamics, we
select the body in which we are interested, represent the object in a free-body diagram, and
then apply the appropriate governing laws to that body. The ease of solving a given dynam-
ics problem is often very dependent on the specific object that we select for use in our free-
body diagram. Similarly, the ease of solving a given fluid mechanics problem is often very
dependent on the choice of the control volume used. Only by practice can we develop skill
at selecting the “best” control volume. None are “wrong,” but some are “much better” than
others.

For any problem
there is an infinite
variety of control
volumes that can

be used. Solution of a typical problem will involve determining parameters such as velocity,
pressure, and force at some point in the flow field. It is usually best to ensure that this point
is located on the control surface, not “buried” within the control volume. The unknown will
then appear in the convective term (the surface integral) of the Reynolds transport theorem.
If possible, the control surface should be normal to the fluid velocity so that the angle 6
(VA = Vcos ) in the flux terms of Eq. 4.19 will be 0 or 180°. This will usually simplify
the solution process.

Figure 4.24 illustrates three possible control volumes associated with flow through a
pipe. If the problem is to determine the pressure at point (1), the selection of the control vol-
ume () is better than that of (b) because point (1) lies on the control surface. Similarly, con-
trol volume (a) is better than (c) because the flow is normal to the inlet and exit portions of the
control volume. None of these control volumes are wrong—(a) will be easier to use. Proper
control volume selection will become much clearer in Chapter 5 where the Reynolds transport
theorem is used to transform the governing equations from the system formulation into the
control volume formulation, and numerous examples using control volume ideas are discussed.
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Review Problems

In the E-book, click here to go to a set of review problems com-
plete with answers and detailed solutions.

Problems

Note: Unless otherwise indicated, use the values of fluid prop-
erties found in the tables on the inside of the front cover. Prob-
lems designated with an (*) are intended to be solved with the
aid of a programmable calculator or a computer. Problems des-
ignated with a (T) are “open-ended” problems and require crit-
ical thinking in that to work them one must make various as-
sumptions and provide the necessary data. There is not a unique
answer to these problems.

In the E-book, answers to the even-numbered problems can
be obtained by clicking on the problem number. In the E-book,
access to the videos that accompany problems can be obtained
by clicking on the “video” segment (i.e., Video 4.3) of the prob-
lem statement. The lab-type problems can be accessed by click-
ing on the “click here” segment of the problem statement.

4.1 The velocity field of a flow is given by V =
By + 2)i + (x — 8)j + 5zk ft/s, where x, y, and z are in feet.
Determine the fluid speed at the origin (x = y = z = 0) and on
the y axis (x = z = 0).

4.2 A flow can be visualized by plotting the velocity field
as velocity vectors at representative locations in the flow as
shown in Video V4.1 and Fig. E4.1. Consider the velocity field
given in polar coordinates by v, = —10/r and v, = 10/r. This
flow approximates a fluid swirling into a sink as shown in Fig.
P4.2. Plot the velocity field at locations given by r = 1, 2, and
3 with 6 = 0, 30, 60, and 90 deg.

——
<
5
RS

(RN

g \

B FIGURE P4.2

4.3 The velocity field of a flow is given by V =
20y/(x* + y*)'A — 20x/(x* + y*)'/?] ft/s, where x and y are in
feet. Determine the fluid speed at points along the x axis; along
the y axis. What is the angle between the velocity vector and
the x axis at points (x, y) = (5, 0), (5, 5), and (0, 5)?

44 The x and y components of a velocity field are given
by u = x — y and v = x’y — 8. Determine the location of any
stagnation points in the flow field. That is, at what point(s) is
the velocity zero?

4.5 The x and y components of velocity for a two-dimen-
sional flow are u = 3 ft/s and v = 9x? ft/s, where x is in feet.
Determine the equation for the streamlines and graph repre-
sentative streamlines in the upper half plane.

4.6 Show that the streamlines for a flow whose velocity
components are u = ¢(x* — y*) and v = —2cxy, where c is a
constant, are given by the equation x>y — y*/3 = constant. At
which point (points) is the flow parallel to the y axis? At which
point (points) is the fluid stationary?

4.7 The velocity field of a flow is given by u = —V;y/
(* + y)"? and v = Vyx/(x* + y*)'2, where V, is a constant.
Where in the flow field is the speed equal to V|)? Determine the
equation of the streamlines and discuss the various character-
istics of this flow.

4.8 Water flows from a rotating lawn sprinkler as shown in
Video V4.6 and Figure P4.8. The end of the sprinkler arm moves
with a speed of wR, where w = 10 rad/s is the angular velocity
of the sprinkler arm and R = 0.5 ft is its radius. The water exits
the nozzle with a speed of V = 10 ft/s relative to the rotating
arm. Gravity and the interaction between the air and the water
are negligible. (a) Show that the pathlines for this flow are straight
radial lines. Hint: Consider the direction of flow (relative to the
stationary ground) as the water leaves the sprinkler arm. (b) Show
that at any given instant the stream of water that came from the
sprinkler forms an arc given by r = R + (V,/w)0, where the an-
gle 0 is as indicated in the figure and V, is the water speed rela-
tive to the ground. Plot this curve for the data given.

B FIGURE P4.8



*4.9 Consider a ball thrown with initial speed V, at an angle
of 6 as shown in Fig. P4.9a. As discussed in beginning physics,
if friction is negligible the path that the ball takes is given by

y = (tan 0)x — [g/(2 Vy*cos® 6) x>

Thatis, y = ¢;x + ¢,x% where ¢, and ¢, are constants. The path
is a parabola. The pathline for a stream of water leaving a small
nozzle is shown in Fig. P4.9b and Video V4.3. The coordinates
for this water stream are given in the following table. (a) Use
the given data to determine appropriate values for ¢; and ¢, in
the above equation and, thus, show that these water particles
also follow a parabolic pathline. (b) Use your values of ¢, and
¢, to determine the speed of the water, V|, leaving the nozzle.

Problems

B FIGURE P4.12

m 197

4.15 A three-dimensional velocity field is given by u = x?,

| y

X, in. y, in. v

0 0 ST

0.25 0.13 D N
0.50 0.16 & RN
0.75 0.13 \
1.0 0.00 \,
1.25 —0.20 (@

1.50 -0.53 Y

1.75

—0.90
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2.00 ~1.43 ¢ %///_\\ )

(b)
B FIGURE P4.9

4.10 The x and y components of a velocity field are given
by u = x’y and v = —xy*. Determine the equation for the
streamlines of this flow and compare it with those in Example
4.2. Is the flow in this problem the same as that in Example
4.2?7 Explain.

T 4.1 For steady flow the velocity field, as represented
by the velocity vector arrows, is constant (see Fig. E4.1). For
unsteady flow the velocity vectors usually change both in mag-
nitude and direction (see Video V4.1). However, this is not al-
ways so. Describe an unsteady flow field in which the velocity
vectors do not change direction as a function of time. Sketch
the velocity field for this flow.

4.12 In addition to the customary horizontal velocity com-
ponents of the air in the atmosphere (the “wind”), there often
are vertical air currents (thermals) caused by buoyant effects due
to uneven heating of the air as indicated in Fig. P4.12. Assume
that the velocity field in a certain region is approximated by
u=ug v =vy(1 —y/h) for 0 <y <h, and u = up, v =0
for y > h. Plot the shape of the streamline that passes through
the origin for values of uy/v, = 0.5, 1, and 2.

*4.13 Repeat Problem 4.12 using the same information ex-
cept that u = ugy/h for 0 = y = h rather than u = u,. Use val-
ues of uy/v, = 0, 0.1, 0.2, 0.4, 0.6, 0.8, and 1.0.

4.14 A velocity field is given by u = cx? and v = ¢y?,
where ¢ is a constant. Determine the x and y components of the
acceleration. At what point (points) in the flow field is the ac-
celeration zero?

v = —2xy, and w = x + y. Determine the acceleration vector.

T 4.16 Estimate the deceleration of a water particle in a
raindrop as it strikes the sidewalk. List all assumptions and show
all calculations.

4.17 The velocity of air in the diverging pipe shown in
Fig. P4.17 is given by V| = 4t ft/s and V, = 2t ft/s, where 1 is
in seconds. (a) Determine the local acceleration at points (1)
and (2). (b) Is the average convective acceleration between these
two points negative, zero, or positive? Explain.

vV, = At ft/s V, = 2t ft/s
—— ——
(1)
(2)
H FIGURE P4.17
4.18 Water flows through a constant diameter pipe with a

uniform velocity given by V = (8/¢t + 5)j m/s, where ¢ is in
seconds. Determine the acceleration at time r = 1, 2, and 10 s.

4.19 When a valve is opened, the velocity of water in a cer-
tain pipe is givenby u = 10(1 — ¢ ), v = 0,and w = 0, where
u is in ft/s and 7 is in seconds. Determine the maximum ve-
locity and maximum acceleration of the water.

#4,2() Water flows through a pipe with V = u()i where the
approximate measured values of u(r) are shown in the table. Plot
the acceleration as a function of time for 0 = ¢ = 20 s. Plot the
acceleration as a function of time if all of the values of u(r) are
increased by a factor of 2; by a factor of 5.

t(s) u (ft/s) t(s) u (ft/s)
0 0 11.2 8.1
1.8 1.7 12.3 8.4
3.1 3.2 13.9 8.3
4.0 3.8 15.0 8.1
5.5 4.6 16.4 7.9
6.9 5.8 17.5 7.0
8.1 6.3 18.4 6.6

10.0 7.1 20.0 5.7
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4.21 The fluid velocity along the x axis shown in Fig. P4.21
changes from 6 m/s at point A to 18 m/s at point B. It is also
known that the velocity is a linear function of distance along
the streamline. Determine the acceleration at points A, B, and
C. Assume steady flow.

\

V,=6m/s V=18 m/s

Zk - 42
/.

1 0.1m
m FIGURE P4.21

A

4.22 When a fluid flows into a round pipe as shown in
Fig. P4.22, viscous effects may cause the velocity profile to
change from a uniform profile (V = V, i) at the entrance of the
pipe to a parabolic profile {V = 2V,[1 — (r/R)*]i} at x = .
Velocity profiles for various values of x are as indicated in the
figure. Use this graph to show that a fluid particle moving along
the centerline (r = 0) experiences an acceleration, but a parti-
cle close to the edge of the pipe (r = R) experiences a decel-
eration. Does a particle traveling along the line » = 0.5 R ex-
perience an acceleration or deceleration, or both? Explain.

u="Vy

!

~
0.75R [~ X -
\\‘L\\‘/x 2

0.50 R [— | i%\/x =30/4
! S
0.25R [— I l \:\/“e
N I
0 I 1 1

(D)
B FIGURE P4.22

4.23 As a valve is opened, water flows through the diffuser
shown in Fig. P4.23 at an increasing flowrate so that the ve-
locity along the centerline is given by V = ui = V(1 — ™)
(1 —x/€) i, where ug, ¢, and € are constants. Determine the ac-

celeration as a function of x and ¢. If V;; = 10 ft/s and € = 5 ft,
what value of ¢ (other than ¢ = 0) is needed to make the ac-
celeration zero for any x at t = 1 s? Explain how the accelera-
tion can be zero if the flowrate is increasing with time.

Y €2 |

=LVl -
—

u=Vy(l-e*

B FIGURE P4.23

4.24 A fluid flows along the x axis with a velocity given by
V = (x/t) i, where x is in feet and ¢ in seconds. (a) Plot the speed
for 0 = x = 10 ft and r = 3 5. (b) Plot the speed for x = 7 ft
and 2 =t = 4. (¢) Determine the local and convective accel-
eration. (d) Show that the acceleration of any fluid particle in the
flow is zero. (e) Explain physically how the velocity of a parti-
cle in this unsteady flow remains constant throughout its motion.

4.25 A hydraulic jump is a rather sudden change in depth
of a liquid layer as it flows in an open channel as shown in
Fig. P4.25 and Video V10.6. In a relatively short distance
(thickness = €) the liquid depth changes from z; to z,, with a
corresponding change in velocity from V; to V,. If V, =
1.20 ft/s, V, = 0.30 ft/s, and € = 0.02 ft, estimate the average
deceleration of the liquid as it flows across the hydraulic jump.
How many g’s deceleration does this represent?

Hydraulic jump
f_)%

%
RN

B FIGURE P4.25

4.26 A fluid particle flowing along a stagnation streamline,
as shown in Video V4.5 and Fig. P4.26, slows down as it ap-
proaches the stagnation point. Measurements of the dye flow
in the video indicate that the location of a particle starting on
the stagnation streamline a distance s = 0.6 ft upstream of the
stagnation point at 7 = 0 is given approximately by s =0.6e %%,
where 7 is in seconds and s is in ft. (a) Determine the speed of
a fluid particle as a function of time, V,,cic(f), as it flows along
the steamline. (b) Determine the speed of the fluid as a func-
tion of position along the streamline, V = V(s). (¢) Determine
the fluid acceleration along the streamline as a function of po-
sition, a; = a(s).



Stagnation point, s =0

Fluid particle

B FIGURE P4.26

4.27 A nozzle is designed to accelerate the fluid from V,
to V, in a linear fashion. That is, V = ax + b, where a and b
are constants. If the flow is constant with V, = 10 m/satx, = 0
and V, = 25 m/s at x, = 1 m, determine the local acceleration,
the convective acceleration, and the acceleration of the fluid at
points (1) and (2).

T 4.28 A stream of water from the faucet strikes the bot-
tom of the sink. Estimate the maximum acceleration experi-
enced by the water particles. List all assumptions and show
calculations.

4.29 Repeat Problem 4.27 with the assumption that the
flow is not steady, but at the time when V, = 10 m/s and
V, =25m/s, it is known that 9V,/0r =20 m/s> and
aV,/dat = 60 m/s>.

4.30 An incompressible fluid flows past a turbine blade as

shown in Fig. P4.30a and Video V4.5. Far upstream and down-
stream of the blade the velocity is V,,. Measurements show that
the velocity of the fluid along streamline A—F near the blade is
as indicated in Fig. P4.30b. Sketch the streamwise component
of acceleration, a,, as a function of distance, s, along the stream-
line. Discuss the important characteristics of your result.

(a)

©“

(b)

B FIGURE P4.30

*4.31 Air flows steadily through a variable area pipe with
a velocity of V = u(x)i ft/s, where the approximate measured
values of u(x) are given in the table. Plot the acceleration as a
function of x for 0 = x = 12 in. Plot the acceleration if the
flowrate is increased by a factor of N (i.e., the values of u are
increased by a factor of N) for N = 2, 4, 10.

Problems W 199
x (in.) u (ft/s) x (in.) u (ft/s)
0 10.0 7 20.1
1 10.2 8 174
2 13.0 9 13.5
3 20.1 10 11.9
4 28.3 11 10.3
5 28.4 12 10.0
6 25.8 13 10.0
4.32 Assume the temperature of the exhaust in an exhaust

pipe can be approximated by T = Ty(1 + ae ™)[1 + ¢ cos(wt)],
where T, = 100 °C,a = 3, b = 0.03 m ¢ =005 and w =
100 rad/s. If the exhaust speed is a constant 2 m/s, determine
the time rate of change of temperature of the fluid particles at
x=0and x = 4m when r = 0.

*4.33 As is indicated in Fig. P4.33, the speed of exhaust in
a car’s exhaust pipe varies in time and distance because of the
periodic nature of the engine’s operation and the damping ef-
fect with distance from the engine. Assume that the speed is
given by V=Vl + ae ™sin(wt)], where V,= 8fps,
a=0.050b=02ft" and @ = 50rad/s. Calculate and plot
the fluid acceleration at x =0, 1, 2, 3, 4, and 5 ft for
0=rtr=m/25s.

0\4ug
k\\{d 5 ft |
— 0 =
.

B FIGURE P4.33

V= VIl + ae™ sin(wn]

4.34 A gas flows along the x-axis with a speed of V = 5x m/s
and a pressure of p = 10x*> N/m?, where x is in meters. (a) De-
termine the time rate of change of pressure at the fixed location
x = 1. (b) Determine the time rate of change of pressure for a
fluid particle flowing past x = 1. (¢) Explain without using any
equations why the answers to parts (a) and (b) are different.

4.35 The temperature distribution in a fluid is given by
T = 10x + Sy, where x and y are the horizontal and vertical co-
ordinates in meters and 7 is in degrees centigrade. Determine
the time rate of change of temperature of a fluid particle trav-
eling (a) horizontally with u = 20 m/s, v = 0 or (b) vertically
with u = 0, v = 20 m/s.

4.36 At the top of its trajectory, the stream of water shown
in Fig. P4.36 and Video V4.3 flows with a horizontal velocity
of 1.80 ft/s. The radius of curvature of its streamline at that
point is approximately 0.10 ft. Determine the normal compo-
nent of acceleration at that location.

V =1.80 ft/s

R =0.10ft

B FIGURE P4.36
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4.37 As shown in Video V4.2 and Fig. P4.37, a flying air-
plane produces swirling flow near the end of its wings. In cer-
tain circumstances this flow can be approximated by the ve-
locity field u = —Ky/(x* + y?) and v = Kx/(x* + y?), where
K is a constant depending on various parameter associated with
the airplane (i.e., its weight, speed) and x and y are measured
from the center of the swirl. (a) Show that for this flow the ve-
locity is inversely proportional to the distance from the origin.
That is, V = K/(x* + y?)"/%. (b) Show that the streamlines are

ULM
® O @ M/

B FIGURE P4.37

4.38 Assume that the streamlines for the wingtip vortices
from an airplane (see Fig. P4.37 and Video V4.2) can be ap-
proximated by circles of radius r and that the speed is V = K/r,
where K is a constant. Determine the streamline acceleration,
a,, and the normal acceleration, a,, for this flow.

4.39 A fluid flows past a sphere with an upstream velocity
of V, = 40 m/s as shown in Fig. P4.39. From a more advanced
theory it is found that the speed of the fluid along the front part
of the sphere is V = 3V, sin 6. Determine the streamwise and
normal components of acceleration at point A if the radius of
the sphere is a = 0.20 m.

\4
A
L

B FIGURE P4.39

*4.40 For flow past a sphere as discussed in Problem 4.39,
plot a graph of the streamwise acceleration, a,, the normal ac-
celeration, a,, and the magnitude of the acceleration as a func-
tion of 6 for 0 = 6 = 90° with V, = 50 ft/s and a = 0.1, 1.0,
and 10 ft. Repeat for V, = 5 ft/s. At what point is the acceler-
ation a maximum; a minimum?

4.41 A fluid flows past a circular cylinder of radius a with
an upstream speed of V|, as shown in Fig. P4.41. A more ad-
vanced theory indicates that if viscous effects are negligible,
the velocity of the fluid along the surface of the cylinder is given
by V = 2V, sin 6. Determine the streamline and normal com-
ponents of acceleration on the surface of the cylinder as a func-
tion of Vj, a, and 6.

*4.42 Use the results of Problem 4.41 to plot graphs of a;
and a, for 0 = 6 = 90° with V, = 10 m/s and a = 0.01, 0.10,
1.0, and 10.0 m.

1%
Vs __
= =

B FIGURE P4.41

4.43 Determine the x and y components of acceleration for
the flow given in Problem 4.6. If ¢ > 0, is the particle at point
x = xy > 0 and y = 0 accelerating or decelerating? Explain.
Repeat if x, < 0.

4.44 Water flows through the curved hose shown in Fig.
P4.44 with an increasing speed of V = 10z ft/s, where ¢ is in
seconds. For r = 2 s determine (a) the component of accelera-
tion along the streamline, (b) the component of acceleration
normal to the streamline, and (c) the net acceleration (magni-
tude and direction).

%R =20 ft

B FIGURE P4.44

4.45 Water flows steadily through the funnel shown in
Fig. P4.45. Throughout most of the funnel the flow is approx-
imately radial (along rays from O) with a velocity of V = ¢/r?%,
where r is the radial coordinate and c is a constant. If the ve-
locity is 0.4 m/s when r = 0.1 m, determine the acceleration
at points A and B.

B FIGURE P4.45



4.46 Water flows though the slit at the bottom of a two-
dimensional water trough as shown in Fig. P4.46. Throughout
most of the trough the flow is approximately radial (along rays
from O) with a velocity of V = ¢/r, where r is the radial coor-
dinate and ¢ is a constant. If the velocity is 0.04 m/s when
r = 0.1 m, determine the acceleration at points A and B.

B FIGURE P4.46

4.47 Air flows from a pipe into the region between two par-
allel circular disks as shown in Fig. P4.47. The fluid velocity
in the gap between the disks is closely approximated by
V = V,R/r, where R is the radius of the disk, r is the radial co-
ordinate, and V,, is the fluid velocity at the edge of the disk. De-
termine the acceleration for r = 1, 2, or 3 ftif V, = 5 ft/s and
R = 3 ft.

! |
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B FIGURE P4.47
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4.48 Air flows from a pipe into the region between a cir-
cular disk and a cone as shown in Fig. P4.48. The fluid veloc-
ity in the gap between the disk and the cone is closely approx-
imated by V = V,R?/#*, where R is the radius of the disk, r is
the radial coordinate, and Vj, is the fluid velocity at the edge of
the disk. Determine the acceleration for » = 0.5 and 2 ft if
Vy, = 5ft/s and R = 2 ft.

Cone

Disk

\ —J

B FIGURE P4.48
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Problems

4.49 Water flows through a duct of square cross section as
shown in Fig. P4.49 with a constant, uniform velocity of
V = 20 m/s. Consider fluid particles that lie along line A-B at
time ¢ = 0. Determine the position of these particles, denoted
by line A’—B’, when t = 0.20 s. Use the volume of fluid in the
region between lines A—B and A’ —B’ to determine the flowrate
in the duct. Repeat the problem for fluid particles originally
along line C—D; along line E—-F. Compare your three answers.

B B’ D F
[ ~ ~ ~ |
j T
V=20m/s |
—_— | 0.5 m
| 45° l
$
[ e el e |
A A’ E

B FIGURE P4.49

4.50 Repeat Problem 4.49 if the velocity profile is linear
from 10 to 20 m/s across the duct as shown in Fig. P4.50.

20 m/s

[ |10m/s
B FIGURE P4.50

4.51 In the region just downstream of a sluice gate, the wa-
ter may develop a reverse flow region as is indicated in
Fig. P4.51 and Video V10.5. The velocity profile is assumed to
consist of two uniform regions, one with velocity V, = 10 fps
and the other with V, = 3 fps. Determine the net flowrate of
water across the portion of the control surface at section (2) if
the channel is 20 ft wide.

B FIGURE P4.51

4.52 At time ¢ = 0 the valve on an initially empty (perfect
vacuum, p = 0) tank is opened and air rushes in. If the tank has
a volume of ¥ and the density of air within the tank increases
as p = p.(1 — e, where b is a constant, determine the time
rate of change of mass within the tank.

T 4.53 From calculus, one obtains the following formula
(Leibnitz rule) for the time derivative of an integral that contains
time in both the integrand and the limits of the integration:
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=0 = of dx, dx)
— JDdx = | —dx + fx, ) — = flxnt)——
o], e = Sl 0 G rn
Discuss how this formula is related to the time derivative of the
total amount of a property in a system and to the Reynolds trans-
port theorem.

4.54 Air enters an elbow with a uniform speed of 10 m/s
as shown in Fig. P4.54. At the exit of the elbow the velocity
profile is not uniform. In fact, there is a region of separation or
reverse flow. The fixed control volume ABCD coincides with
the system at time ¢+ = 0. Make a sketch to indicate (a) the sys-
tem at time ¢t = 0.01 s and (b) the fluid that has entered and ex-
ited the control volume in that time period.

V=10m/is A
Control volume

5 m/s
Reverse B c
flow

15 m/s

B FIGURE P4.54

4.55 A layer of oil flows down a vertical plate as shown in
Fig. P4.55 with a velocity of V = (V,/h?) (2hx — x*) j where
V,, and & are constants. (a) Show that the fluid sticks to the plate
and that the shear stress at the edge of the layer (x = h) is zero.
(b) Determine the flowrate across surface AB. Assume the width
of the plate is b. (Note: The velocity profile for laminar flow
in a pipe has a similar shape. See Video V6.6.)

N :

Plate //

L v(x)

A——— e ——-B

Oil

£
B FIGURE P4.55

4.56 Water flows in the branching pipe shown in Fig. P4.56
with uniform velocity at each inlet and outlet. The fixed con-
trol volume indicated coincides with the system at time
t = 20 s. Make a sketch to indicate (a) the boundary of the sys-

tem at time ¢t = 20.2 s, (b) the fluid that left the control volume
during that 0.2-s interval, and (c) the fluid that entered the con-
trol volume during that time interval.

Vi=2m/s

V,=1m/s
B FIGURE P4.56

4.57 Two liquids with different densities and viscosities fill
the gap between parallel plates as shown in Fig. P4.57. The bot-
tom plate is fixed; the top plate moves with a speed of 2 ft/s.
The velocity profile consists of two linear segements as indi-
cated. The fixed control volume ABCD coincides with the sys-
tem at time ¢ = 0. Make a sketch to indicate (a) the system at
time ¢ = 0.1 s and (b) the fluid that has entered and exited the
control volume in that time period.

1 1.6 ft |
B FIGURE P4.57

4.58 Water is squirted from a syringe with a speed of
V =5m/s by pushing in the plunger with a speed of
V, = 0.03 m/s as shown in Fig. P4.58. The surface of the de-
forming control volume consists of the sides and end of the
cylinder and the end of the plunger. The system consists of the
water in the syringe at + = 0 when the plunger is at section (1)
as shown. Make a sketch to indicate the control surface and the
system when r = 0.5 s.

Cylinder\
|,— Plunger
>V, =0.03 m/s

——/ = 5 m/s

(1)
~—0.08 m ——

B FIGURE P4.58



4.59 Water enters a 5-ft-wide, 1-ft-deep channel as shown
in Fig. P4.59. Across the inlet the water velocity is 6 ft/s in
the center portion of the channel and 1 ft/s in the remainder
of it. Farther downstream the water flows at a uniform 2 ft/s
velocity across the entire channel. The fixed control volume
ABCD coincides with the system at time t = 0. Make a sketch
to indicate (a) the system at time # = 0.5 s and (b) the fluid
that has entered and exited the control volume in that time
period.

W
|
>
|

|

|

|

|

|

|

|

|

|

|

|

1 ft/s

6 ft/s 2 ft/s

1 ft/s

B FIGURE P4.59

4.60 Water flows through the 2-m-wide rectangular chan-
nel shown in Fig. P4.60 with a uniform velocity of 3 m/s. (a)
Directly integrate Eq. 4.16 with b = 1 to determine the mass
flowrate (kg/s) across section CD of the control volume. (b) Re-
peat part (a) with b = 1/p, where p is the density. Explain the
physical interpretation of the answer to part (b).
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B FIGURE P4.60

4.61 The wind blows across a field with an approximate
velocity profile as shown in Fig. P4.61. Use Eq. 4.16 with the
parameter b equal to the velocity to determine the momentum
flowrate across the vertical surface A—B, which is of unit depth
into the paper.

15 ft/s

I~

N
o
-

10 ft

I ATA

P e e ———————— O - -

B FIGURE P4.61
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