A jet of water injected into stationary water: Upon emerging from the
slit at the left, the jet of fluid loses some of its momentum to the
surrounding fluid. This causes the jet to slow down and its width to

increase (air bubbles in water). (Photograph courtesy of ONERA,
France.)



[Finite Control
Volume Analysis

Many fluid me-
chanics problems
can be solved by us-
ing control volume
analysis.

Many practical problems in fluid mechanics require analysis of the behavior of the contents
of a finite region in space (a control volume). For example, we may be asked to calculate the
anchoring force required to hold a jet engine in place during a test. Or, we could be called
on to determine the amount of time to allow for complete filling of a large storage tank. An
estimate of how much power it would take to move water from one location to another at a
higher elevation and several miles away may be sought. As you will learn by studying the
material in this chapter, these and many other important questions can be readily answered
with finite control volume analyses. The bases of this analysis method are some fundamen-
tal principles of physics, namely, conservation of mass, Newton’s second law of motion, and
the first and second' laws of thermodynamics. Thus, as one might expect, the resultant tech-
niques are powerful and applicable to a wide variety of fluid mechanical circumstances that
require engineering judgment. Furthermore, the finite control volume formulas are easy to
interpret physically and thus are not difficult to use.

The control volume formulas are derived from the equations representing basic laws
applied to a collection of mass (a system). The system statements are probably familiar to
you presently. However, in fluid mechanics, the control volume or Eulerian view is gener-
ally less complicated and, therefore, more convenient to use than the system or Lagrangian
view. The concept of a control volume and system occupying the same region of space at an
instant (coincident condition) and use of the Reynolds transport theorem (Egs. 4.19 and 4.23)
are key elements in the derivation of the control volume equations.

Integrals are used throughout the chapter for generality. Volume integrals can accom-
modate spatial variations of the material properties of the contents of a control volume. Con-
trol surface area integrals allow for surface distributions of flow variables. However, in this
chapter, for simplicity we often assume that flow variables are uniformly distributed over
cross-sectional areas where fluid enters or leaves the control volume. This uniform flow is
called one-dimensional flow. In Chapters 8 and 9, when we discuss velocity profiles and
other flow variable distributions, the effects of nonuniformities will be covered in more detail.

!The section (Section 5.4) on the second law of thermodynamics may be omitted without loss of continuity in the text material.

205
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Mostly steady flows are considered. However, some simple examples of unsteady flow
analyses are introduced.

Although fixed, nondeforming control volumes are emphasized in this chapter, a few
examples of moving, nondeforming control volumes and deforming control volumes are also
included.

5.1 Conservation of Mass—The Continuity Equation

The amount of
mass in a system is
constant.

5.1.1 Derivation of the Continuity Equation

A system is defined as a collection of unchanging contents, so the conservation of mass
principle for a system is simply stated as

time rate of change of the system mass = 0
or
DM,

sys

o =0 (5.1)

where the system mass, M,,,, is more generally expressed as

ys?
M, = J pd¥ (5.2)
sys

and the integration is over the volume of the system. In words, Eq. 5.2 states that the system
mass is equal to the sum of all the density-volume element products for the contents of the
system.

For a system and a fixed, nondeforming control volume that are coincident at an instant
of time, as illustrated in Fig. 5.1, the Reynolds transport theorem (Eq. 4.19) with B = mass
and b = 1 allows us to state that

D d
— dv = — dvV + V - fidA 53
Dt J\y%p at JCVP JCSP ( )
or
. time rate of change net rate of flow
time rate of change
_of the mass of the of mass through
of the mass of the = .
contents of the coin- the control

coincident system .
cident control volume  surface

System Control Volume

(a) (b) (c)

B FIGURE 5.1 System and control volume at three different in-
stances of time. (a) System and control volume at time ¢t — 6. (b) Sys-
tem and control volume at time #, coincident condition. (¢) System and
control volume at time ¢ + 6t.



The conftinuity
equation is a state-
ment that mass is
conserved.
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In Eq. 5.3, we express the time rate of change of the system mass as the sum of two control
volume quantities, the time rate of change of the mass of the contents of the control volume,

)
| pav
or Jp

and the net rate of mass flow through the control surface,

J pV - fdA

When a flow is steady, all field properties (i.e., properties at any specified point) in-
cluding density remain constant with time and the time rate of change of the mass of the
contents of the control volume is zero. That is,

a J pd¥ =0
at Jo

The integrand, V - fi dA, in the mass flowrate integral represents the product of the
component of velocity, V, perpendicular to the small portion of control surface and the dif-
ferential area, dA. Thus, V - fi dA is the volume flowrate through dA and pV - fi dA is the
mass flowrate through dA. Furthermore, the sign of the dot product V - 1 is “+” for flow
out of the control volume and “—" for flow info the control volume since i is considered
positive when it points out of the control volume. When all of the differential quantities,
pV - i dA, are summed over the entire control surface, as indicated by the integral

J pV + idA
(&
the result is the net mass flowrate through the control surface, or

J PV idd = S — S (5.4)

where m is the mass flowrate (slug/s or kg/s). If the integral in Eq. 5.4 is positive, the net
flow is out of the control volume; if the integral is negative, the net flow is into the control
volume.

The control volume expression for conservation of mass, which is commonly called
the continuity equation, for a fixed, nondeforming control volume is obtained by combining
Egs. 5.1, 5.2, and 5.3 to obtain

9
ar[ pdV+JpV-ﬁdA=O (5.5)

In words, Eq. 5.5 states that to conserve mass the time rate of change of the mass of the
contents of the control volume plus the net rate of mass flow through the control surface
must equal zero. Actually, the same result could have been obtained more directly by equat-
ing the rates of mass flow into and out of the control volume to the rates of accumulation
and depletion of mass within the control volume (See Section 3.6.2). It is reassuring, how-
ever, to see that the Reynolds transport theorem works for this simple-to-understand case.
This confidence will serve us well as we develop control volume expressions for other
important principles.
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Mass flowrate
equals the product
of density and vol-
ume flowrate.

V5.1 Sink flow

EXAMP:;_E

An often-used expression for mass flowrate, m, through a section of control surface
having area A is

= pQ = pAV | (5.6)

where p is the fluid density, Q is the volume flowrate (ft3/s or m3/s), and V is the compo-
nent of fluid velocity perpendicular to area A. Since

MIJpV-ﬁdA
A

application of Eq. 5.6 involves the use of representative or average values of fluid density,
p, and fluid velocity, V. For incompressible flows, p is uniformly distributed over area A. For
compressible flows, we will normally consider a uniformly distributed fluid density at each
section of flow and allow density changes to occur only from section to section. The appro-
priate fluid velocity to use in Eq. 5.6 is the average value of the component of velocity normal
to the section area involved. This average value, V, is defined as

JpV-fldA
A

V= T 5.7

If the velocity is considered uniformly distributed (one-dimensional flow) over the section
area, A, then

J pV - i dA

I A

V="——7—=V 5.8
oA (5.8)

and the bar notation is not necessary (as in Example 5.1). When the flow is not uniformly

distributed over the flow cross-sectional area, the bar notation reminds us that an average

velocity is being used (as in Examples 5.2 and 5.4).

5.1.2 Fixed, Nondeforming Control Volume

In many applications of fluid mechanics, an appropriate control volume to use is fixed and
nondeforming. Several example problems that involve the continuity equation for fixed, non-
deforming control volumes (Eq. 5.5) follow.

Seawater flows steadily through a simple conical-shaped nozzle at the end of a fire hose as
illustrated in Fig. E5.1. If the nozzle exit velocity must be at least 20 m/s, determine the min-
imum pumping capacity required in m?/s.

Section (1) (pump discharge)

/ Section (2) (nozzle exit)

S Control volume B FIGURE E5.1
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SoLution

The pumping capacity sought is the volume flowrate delivered by the fire pump to the hose
and nozzle. Since we desire knowledge about the pump discharge flowrate and we have in-
formation about the nozzle exit flowrate, we link these two flowrates with the control vol-
ume designated with the dashed line in Fig. E5.1. This control volume contains, at any in-
stant, seawater that is within the hose and nozzle from the pump discharge to the nozzle exit
plane.

Equation 5.5 is applied to the contents of this control volume to give

0 (flow is steady)

pdV+JpV-fldA=O 1)

cv cs

The time rate of change of the mass of the contents of this control volume is zero because
the flow is steady. From Eq. 5.4, we see that the control surface integral in Eq. 1 involves
mass flowrates at the pump discharge, section (1), and at the nozzle exit, section (2), or

JpV'fldAZmz—m1=0

so that
f’}’lz - l/hl (2)

Since the mass flowrate is equal to the product of fluid density, p, and volume flowrate, Q,
(see Eq. 5.6), we obtain from Eq. 2

20> = p10, 3)

Liquid flow at low speeds, as in this example, may be considered incompressible. Therefore
p, = p; and from Eq. 3

0, =0, C))
The pumping capacity is equal to the volume flowrate at the nozzle exit. If, for simplicity,
the velocity distribution at the nozzle exit plane, section (2), is considered uniform (one-
dimensional), then from Egs. 4, 5.6, and 5.8
0, =0, = WA
40 mm
1000 mm/m

T 5 T : 3
VzZDz = (20 m/s) 2 = 0.0251 m’/s (Ans)

Air flows steadily between two sections in a long, straight portion of 4-in. inside diameter
pipe as indicated in Fig. E5.2. The uniformly distributed temperature and pressure at each
section are given. If the average air velocity (nonuniform velocity distribution) at section (2)
is 1000 ft/s, calculate the average air velocity at section (1).
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Control volume Pipe
Flow %7» % % %
Section (1) D, =D,=4in. Section (2)
p1 =100 psia po = 18.4 psia
T, = 540 °R T, =453 °R
V, = 1000 ft/s B FIGURE E5.2
§oLution

The average fluid velocity at any section is that velocity which yields the section mass flowrate
when multiplied by the section average fluid density and section area (Eq. 5.7). We relate the
flows at sections (1) and (2) with the control volume designated with a dashed line in Fig.
E5.2.

Equation 5.5 is applied to the contents of this control volume to obtain

0 (flow is steady)

d
— pdV+JpV-f1dA=O

cv Ccs

The time rate of change of the mass of the contents of this control volume is zero because
the flow is steady. The control surface integral involves mass flowrates at sections (1) and (2)
so that from Eq. 5.4 we get

JpV-ﬁdA=rh2—n'11=0

or
my, = ni, 1)
and from Egs. 1, 5.6, and 5.7 we obtain
p1 AV, = p,AV, )
or since A, = A,
i=%@ @3)

Air at the pressures and temperatures involved in this example problem behaves like
an ideal gas. The ideal gas equation of state (Eq. 1.8) is

p

= 4
P=2r C))
Thus, combining Eqgs. 3 and 4 we obtain

_ T,V.

v, = Pal1Vo

T,

18.4 psia)(540 °R)(1000 ft/s

_ (184 psia)( X )~ 219 45 (Ans)

(100 psia)(453 °R)
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We learn from this example that the continuity equation (Eq. 5.5) is valid for compressible
as well as incompressible flows. Also, nonuniform velocity distributions can be handled with
the average velocity concept.

\

Moist air (a mixture of dry air and water vapor) enters a dehumidifier at the rate of 22 slugs/hr.
Liquid water drains out of the dehumidifier at a rate of 0.5 slugs/hr. Determine the mass
flowrate of the dry air and the water vapor leaving the dehumidifier. A simplified sketch of
the process is provided in Fig. ES.3.

my m5

. Cooling coil
Section (1) Control vol
ontrol volume Motor
= N T T T AT 0.
my ¢ 1N | s, =2
22 slugs/hr } m / Fan } Z
— | L,j \ I
| I\ A
‘/ ‘
} Section (2)
Condensate |
(water) |
7777777777777 I
Section (3) *'_
g = 0.5 slugs/hr B FIGURE E5.3
§oLuTion

The unknown mass flowrate at section (2) is linked with the known flowrates at sections
(1) and (3) with the control volume designated with a dashed line in Fig. E5.3. The contents
of the control volume are the air and water vapor mixture and the condensate (liquid water)
in the dehumidifier at any instant.

Not included in the control volume are the fan and its motor, and the condenser coils
and refrigerant. Even though the flow in the vicinity of the fan blade is unsteady, it is un-
steady in a cyclical way. Thus, the flowrates at sections (1), (2), and (3) appear steady and the
time rate of change of the mass of the contents of the control volume may be considered
equal to zero on a time-average basis. The application of Egs. 5.4 and 5.5 to the control vol-
ume contents results in

JpV-ﬁdAz—m1+r'n2+n'13=O

or

m, = m; — my = 22 slugs/hr — 0.5 slugs/hr = 21.5 slugs/hr (Ans)

Note that the continuity equation (Eq. 5.5) can be used when there is more than one stream
of fluid flowing through the control volume.

The answer is the same regardless of which control volume is chosen. For example, if
we select the same control volume as before except that we include the cooling coils to be
within the control volume, the continuity equation becomes

0y

where m, is the mass flowrate of the cooling fluid flowing into the control volume, and 715
is the flowrate out of the control volume through the cooling coil. Since the flow through
the coils is steady, it follows that m, = ms. Hence, Eq. 1 gives the same answer as obtained
with the original control volume.

iy = 1ty — tg + iy — g

\.
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EXAMP;E

Incompressible, laminar water flow develops in a straight pipe having radius R as indicated
in Fig. ES.4. At section (1), the velocity profile is uniform; the velocity is equal to a constant
value U and is parallel to the pipe axis everywhere. At section (2), the velocity profile is ax-
isymmetric and parabolic, with zero velocity at the pipe wall and a maximum value of u,,,,
at the centerline. How are U and u,,,, related? How are the average velocity at section (2),
V,, and u,,,, related?

Section (1) Control volume

dA,
dr

e

(a) (b) B FIGURE E5.4

SoLurion

An appropriate control volume is sketched (dashed lines) in Fig. E5.4a. The application of
Eq. 5.5 to the contents of this control volume yields

j pV-1idA =0
The surface integral is evaluated at sections (1) and (2) to give

-p AU + J pV +1dA, =0 (§))
A,

or, since the component of velocity, V, perpendicular to the area at section (2) is u,, and the

element cross-sectional area, dA,, is equal to 277 dr (see shaded area element in Fig. E5.4b),

Eq. 1 becomes
R

-p AU+ p, j u2mrdr = 0 2)
0

Since the flow is considered incompressible, p; = p,. The parabolic velocity relationship for

flow through section (2) is used in Eq. 2 to yield

R 2
=AU + 27Uy, J [1 - (r) ]rdr =0 3
O R

Integrating, we get from Eq. 3

PR
—7R*U + 2T Uy < — 2) =0
2  4R7),
or
Upax = 2U (Ans)

Since this flow is incompressible, we conclude from Eq. 5.8 that U is the average velocity
at all sections of the control volume. Thus, the average velocity at section (2), V,, is one-half
the maximum velocity, u,,,,, there, or

V, = max (Ans)
2= ns
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A bathtub is being filled with water from a faucet. The rate of flow from the faucet is steady
at 9 gal/min. The tub volume is approximated by a rectangular space as indicated in Fig. E5.5.
Estimate the time rate of change of the depth of water in the tub, dk/dt, in in./min at any
instant.

Control volume

—

T | 7774‘::::::::::J~L77 774
| // ‘ Z

|
|
1.5 ft ] ~ 7y i > |

L | P h | \///
7777777777777 e 2 ft

! 5 ft f B FIGURE E5.5
SOLUTION

We will see later (Example 5.9) that this problem can also be solved with a deforming con-
trol volume that includes only the water in the tub at any instant. We presently use the fixed,
nondeforming control volume outlined with a dashed line in Fig. E5.5. This control volume
includes in it, at any instant, the water accumulated in the tub, some of the water flowing
from the faucet into the tub, and some air. Application of Egs. 5.4 and 5.5 to these contents
of the control volume results in

ot ar

volume volume

d dJ . .
j Pair dvair +— J Pwater deater = Myater + My = 0
air water

Note that the time rate of change of air mass and water mass are each not zero. Recognizing,
however, that the air mass must be conserved, we know that the time rate of change of the
mass of air in the control volume must be equal to the rate of air mass flow out of the con-
trol volume. For simplicity, we disregard any water evaporation that occurs. Thus, applying
Eqgs. 5.4 and 5.5 to the air only and to the water only, we obtain

J .
9 AV 4+ .. =0
at er palr air malr
volume
for air, and
i) .
& vater Pwater deater = Myater (1)
volume
for water. For the water,
| b 0¥ = prae RO 1) + (151 1)) @
water

volume

where A; is the cross-sectional area of the jet of water flowing from the faucet into the tub.
Combining Egs. 1 and 2, we obtain

oh .
pwater(lo ft2 - A])E = Myater
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The appropriate
sign convention
must be followed.

V5.2 Shop vac filter

and, thus

% Qwater

Ty
For A; < 10 ft> we can conclude that
oh  Oyaer (9 gal/min)(12 in./ft)

= = = 1.44 in./mi Ans
o (10f2) (748 gal/fo)(10 f) in./mmin (Ans)

The preceding example problems illustrate some important results of applying the con-
servation of mass principle to the contents of a fixed, nondeforming control volume. The dot
product V - fi is considered “+” for flow out of the control volume and “—” for flow into
the control volume. Thus, mass flowrate out of the control volume is “+" and mass flowrate
in is “—.” When the flow is steady, the time rate of change of the mass of the contents of
the control volume

0
| pav
or J P

is zero and the net amount of mass flowrate, m, through the control surface is therefore also
Zero

> gy = >, gy = 0 (5.9)

If the steady flow is also incompressible, the net amount of volume flowrate, Q, through the
control surface is also zero:

2 Qout - E Qin =0 (5.10)

An unsteady, but cyclical flow can be considered steady on a time-average basis. When
the flow is unsteady, the instantaneous time rate of change of the mass of the contents of
the control volume is not necessarily zero and can be an important variable. When the
value of

I, ay
ar )P

is “+,” the mass of the contents of the control volume is increasing. When it is “—,” the
mass of the contents of the control volume is decreasing.

When the flow is uniformly distributed over the opening in the control surface (one-
dimensional flow),

n = pAV

where V is the uniform value of velocity component normal to the section area A. When the
velocity is nonuniformly distributed over the opening in the control surface,

m = pAV (5.11)

where V is the average value of the component of velocity normal to the section area A as
defined by Eq. 5.7.



Some problems are
most easily solved
by using a moving
control volume.
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For steady flow involving only one stream of a specific fluid flowing through the con-
trol volume at sections (1) and (2),

m= P1A1‘71 = P2A2‘72 (5.12)
and for incompressible flow,
0=AV, =A,V, (5.13)

For steady flow involving more than one stream of a specific fluid or more than one
specific fluid flowing through the control volume,

E niin = E rhout
The variety of example problems solved above should give the correct impression that
the fixed, nondeforming control volume is versatile and useful.

5.1.3 Moving, Nondeforming Control Volume

It is sometimes necessary to use a nondeforming control volume attached to a moving ref-
erence frame. Examples include control volumes containing a gas turbine engine on an aircraft
in flight, the exhaust stack of a ship at sea, and the gasoline tank of an automobile passing
by.

As discussed in Section 4.4.6, when a moving control volume is used, the fluid velocity
relative to the moving control volume (relative velocity) is an important flow field variable.
The relative velocity, W, is the fluid velocity seen by an observer moving with the control
volume. The control volume velocity, V,, is the velocity of the control volume as seen from
a fixed coordinate system. The absolute velocity, V, is the fluid velocity seen by a station-
ary observer in a fixed coordinate system. These velocities are related to each other by the
vector equation

V=W+V, (5.14)

which is the same as Eq. 4.22, introduced earlier.
For a system and a moving, nondeforming control volume that are coincident at an
instant of time, the Reynolds transport theorem (Eq. 4.23) for a moving control volume leads

to
DM 9
2= = pd¥ +
Dt ot )., .

pW - dA (5.15)

S

From Eqgs. 5.1 and 5.15, we can get the control volume expression for conservation of
mass (the continuity equation) for a moving, nondeforming control volume, namely,

F
az[ pdV-i—J pW - f1dA = 0 (5.16)

Some examples of the application of Eq. 5.16 follow.

An airplane moves forward at a speed of 971 km/hr as shown in Fig. E5.6. The frontal intake
area of the jet engine is 0.80 m” and the entering air density is 0.736 kg/m>. A stationary ob-
server determines that relative to the earth, the jet engine exhaust gases move away from the
engine with a speed of 1050 km/hr. The engine exhaust area is 0.558 m?, and the exhaust
gas density is 0.515 kg/m®. Estimate the mass flowrate of fuel into the engine in kg/hr.
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Vplane =
971 km/hr
.
- S —
Control volume /J& ﬂil m
vplane

- V', = 1050 km/hr

-

W, =1050 + 971 =
2021 km/hr

B FIGURE E5.6
W, =

Section (2)
Section (1)

SoLurion

The control volume, which moves with the airplane (see Fig. E5.6), surrounds the engine and
its contents and includes all fluids involved at an instant. The application of Eq. 5.16 to these

contents of the control volume yields

0 (flow relative to moving control
volume is considered steady on a
time-average basis)

pdV-i—JpW-fldA:O

cv cs

Assuming one-dimensional flow, we evaluate the surface integral in Eq. 1 and get
My — PAW, + p AW, = 0
mn
or

mfuel = pA,W, — pl AW,

in

0y

@

We consider the intake velocity, W), relative to the moving control volume, as being equal
in magnitude to the speed of the airplane, 971 km/hr. The exhaust velocity, W,, also needs
to be measured relative to the moving control volume. Since a fixed observer noted that the
exhaust gases were moving away from the engine at a speed of 1050 km/hr, the speed of the
exhaust gases relative to the moving control volume, W,, is determined as follows by using

Egq. 5.14
V2 = WZ + Vplane
or

W2=V2_V

plane = 1050 km/hr + 971 km/hr = 2021 km/hr

and is shown in Fig. E5.6b.
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From Eq. 2,
e = (0.515 kg/m*)(0.558 m?)(2021 km/hr)(1000 m/km)

— (0.736 kg/m*)(0.80 m?)(971 km/hr)(1000 m/km)
= (580,800 — 571,700) kg/hr
Mg = 9100 kg/hr (Ans)

in
Note that the fuel flowrate was obtained as the difference of two large, nearly equal
numbers. Precise values of W, and W, are needed to obtain a modestly accurate value of

M-

in

\.

Water enters a rotating lawn sprinkler through its base at the steady rate of 1000 ml/s as
sketched in Fig. ES.7. If the exit area of each of the two nozzles is 30 mm?, determine the
average speed of the water leaving each nozzle, relative to the nozzle, if (a) the rotary sprin-
kler head is stationary, (b) the sprinkler head rotates at 600 rpm, and (c) the sprinkler head
accelerates from O to 600 rpm.

A, =30 mm?
Section (2)

Control volume

W,

¥~ 0-1000mis MW FIGURE E5.7

SoLution

We specify a control volume that contains the water in the rotary sprinkler head at any in-
stant. This control volume is nondeforming, but it moves (rotates) with the sprinkler head.
The application of Eq. 5.16 to the contents of this control volume for situation (a), (b), or
(c) of the problem results in the same expression, namely,

0 flow is steady or the
control volume is filled with
an incompressible fluid

dJ
J pdV+JpW-fldA=O
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Some problems are
most easily solved

by using a deform-
ing control volume.

The flow is steady in the control volume reference frame when the control volume is sta-
tionary [part (a)] and when it moves [parts (b) and (c)]. Also, the control volume is filled with
water. Thus, the time rate of change of the mass of the water in the control volume is zero.
The control surface integral has a nonzero value only where water enters and leaves the con-
trol volume; thus,

J pW - ndA = —rmy, + gy = 0

or
’/hout = min (1)
Since 7., = 2pA,W, and m;, = pQ
it follows from Eq. 1 that
— 0
W, =—
724,

or

W (1000 m1/s)(0.001 m*/liter)(10° mm?/m?)
> (1000 ml/liter)(2)(30 mm?)

=16.7m/s = W, (Ans)

The value of W, is independent of the speed of rotation of the sprinkler head and rep-
resents the average velocity of the water exiting from each nozzle with respect to the nozzle
for cases (a), (b), (c). The velocity of water discharging from each nozzle, when viewed from
a stationary reference (i.e., V,), will vary as the rotation speed of the sprinkler head varies
since from Eq. 5.14,

VZZWZ_U

where U = wR is the speed of the nozzle and w and R are the angular velocity and radius

of the sprinkler head, respectively.

\_

When a moving, nondeforming control volume is used, the dot product sign conven-
tion used earlier for fixed, nondeforming control volume applications is still valid. Also, if
the flow within the moving control volume is steady, or steady on a time-average basis, the
time rate of change of the mass of the contents of the control volume is zero. Velocities seen
from the control volume reference frame (relative velocities) must be used in the continuity
equation. Relative and absolute velocities are related by a vector equation (Eq. 5.14), which
also involves the control volume velocity.

514 Deforming Control Volume

Occasionally, a deforming control volume can simplify the solution of a problem. A de-
forming control volume involves changing volume size and control surface movement. Thus,
the Reynolds transport theorem for a moving control volume can be used for this case, and
Eqs. 4.23 and 5.1 lead to

DMy, _ 8 ¥ W-fidA =0 5.17
= — + . B = )
Dt at JCV p JCS p n ( )




The velocity of the
surface of a de-
forming control vol-
ume is not the same
at all points on the
surface.
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The time rate of change term in Eq. 5.17,

d
J pd¥
or Jo

is usually nonzero and must be carefully evaluated because the extent of the control volume
varies with time. The mass flowrate term in Eq. 5.17,

J pW - fidA

must be determined with the relative velocity, W, the velocity referenced to the control sur-
face. Since the control volume is deforming, the control surface velocity is not necessarily
uniform and identical to the control volume velocity, V,,, as was true for moving, nonde-
forming control volumes. For the deforming control volume,

V=W+V, (5.18)

where V is the velocity of the control surface as seen by a fixed observer. The relative
velocity, W, must be ascertained with care wherever fluid crosses the control surface. Two
example problems that illustrate the use of the continuity equation for a deforming control
volume, Eq. 5.17, follow.

A syringe (Fig. E5.8) is used to inoculate a cow. The plunger has a face area of 500 mm?. If
the liquid in the syringe is to be injected steadily at a rate of 300 cm®/min, at what speed
should the plunger be advanced? The leakage rate past the plunger is 0.10 times the volume
flowrate out of the needle.

Qleak =
€
0.1 _
Plunger QZ‘X ,,,,,,,, ~ 2 S
motion | A,= I 300 cm®/min
W>5oo mm? P -
< ‘ *p***.i*** Section (2)
Section (1) Control volume B FIGURE E5.8
SoLution

The control volume selected for solving this problem is the deforming one illustrated in Fig.
E5.8. Section (1) of the control surface moves with the plunger. The surface area of section
(1), A,, is considered equal to the circular area of the face of the plunger, A, although this
is not strictly true, since leakage occurs. The difference is small, however. Thus,

A=A, 1

Liquid also leaves the needle through section (2), which involves fixed area A,. The applica-
tion of Eq. 5.17 to the contents of this control volume gives

ad .
arJ pd¥ + m; + pQiex =0 @)

Even though Q. and the flow through section area A, are steady, the time rate of change
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of the mass of liquid in the shrinking control volume is not zero because the control volume
is getting smaller. To evaluate the first term of Eq. 2, we note that

J P dv = p(€A1 + Vneedle) (3)

where € is the changing length of the control volume (see Fig. E5.8) and ¥ ... is the vol-
ume of the needle. From Eq. 3, we obtain

d ot
— dV = pA, — 4
o Lp pAL 4)
Note that
o€
— =V 5
o A )]

where V, is the speed of the plunger sought in the problem statement. Combining Egs. 2, 4,
and 5 we obtain

_pAIVp + 11'12 + POk = 0 (6)
However, from Eq. 5.6, we see that
my, = pQ, (7)
and Eq. 6 becomes
_pAlvp + p0; + POk = 0 ®
Solving Eq. 8 for V), yields
v -2 1 Ika o)

Since Qi = 0.10,, Eq. 9 becomes
v = 0, +0.10, 110,

P A, A,
and
1.1)(300 cm®/min) /1000 mm?
= (1.1 5 )< Tm ) = 660 mm/min (Ans)
(500 mm”) cm

Solve the problem of Example 5.5 using a deforming control volume that includes only the
water accumulating in the bathtub.

SoLurion

For this deforming control volume, Eq. 5.17 leads to

9
atf pdV+ij-fldA=O 1)
water CcS

volume
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The first term of Eq. 1 can be evaluated as

)

d
— d¥ = — [ ph(2 ft)(5 ft
ol pav =i

volume

ah

= p (10 ft? 2
p (10 = )
The second term of Eq. 1 can be evaluated as
" oh
J pW'ndA=—p<Vj+at)Aj A3

where A; and V; are the cross-sectional area and velocity of the water flowing from the faucet
into the tube. Thus, from Egs. 1, 2, and 3 we obtain
% _ V] A.f Oyater

a (102 —A) (102 — A))

or for A; < 10 ft?

oh  9(gal/min)(12 in./ft
— = (gal/ )(3 /2) = 1.44 in./min (Ans)
ot (7.48 gal/ff)(10 f2)

Note that these results using a deforming control volume are the same as that obtained in
Example 5.5 with a fixed control volume.

\_

The conservation of mass principle is easily applied to the contents of a control volume.
The appropriate selection of a specific kind of control volume (for example, fixed and non-
deforming, moving and nondeforming, or deforming) can make the solution of a particular
problem less complicated. In general, where fluid flows through the control surface, it is ad-
visable to make the control surface perpendicular to the flow. In the sections ahead we learn
that the conservation of mass principle is primarily used in combination with other impor-
tant laws to solve problems.

5.2 Newton’s Second Law—The Linear Momentum
and Moment-of-Momentum Equations

V5.3 Smokestack
plume momentum

Newton’s second
law deals with sys-
tem momentum and
forces.

5.2.1 Derivation of the Linear Momentum Equation
Newton’s second law of motion for a system is

time rate of change of the = sum of external forces
linear momentum of the system  acting on the system

Since momentum is mass times velocity, the momentum of a small particle of mass
pd¥ is Vpd¥. Thus, the momentum of the entire system is |, Syszd ¥ and Newton’s law
becomes

D

— dV¥ = j I 5.19
AR o
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The linear momen-
tum equation is a
statement of New-
ton’s second law.

Any reference or coordinate system for which this statement is true is called inertial. A fixed
coordinate system is inertial. A coordinate system that moves in a straight line with constant
velocity and is thus without acceleration is also inertial. We proceed to develop the control
volume formula for this important law. When a control volume is coincident with a system
at an instant of time, the forces acting on the system and the forces acting on the contents
of the coincident control volume (see Fig. 5.2) are instantaneously identical, that is,

E Fsys = 2 Fcontents of the (5-20)

coincident control volume
Furthermore, for a system and the contents of a coincident control volume that is fixed and
nondeforming, the Reynolds transport theorem (Eq. 4.19 with b set equal to the velocity, and
By, being the system momentum) allows us to conclude that

D ad
— Vpd¥ =— | Vpd¥ + | VpV - fidA 5.21
Dt J’\y\ p at JCV p JCS p " ( )

or

time rate of change

i f £l
of the linear net rate of flow

time rate of change

of the linear of linear momentum
= momentum of the
momentum of the through the
contents of the
system control surface

control volume

Equation 5.21 states that the time rate of change of system linear momentum is ex-
pressed as the sum of the two control volume quantities: the time rate of change of the lin-
ear momentum of the contents of the control volume, and the net rate of linear momentum
flow through the control surface. As particles of mass move into or out of a control volume
through the control surface, they carry linear momentum in or out. Thus, linear momentum
flow should seem no more unusual than mass flow.

For a control volume that is fixed (and thus inertial) and nondeforming, Egs. 5.19, 5.20,
and 5.21 suggest that an appropriate mathematical statement of Newton’s second law of
motion is

d
5 J Vp av + J VpV ‘hdA = EFcoments of the (5'22)

control volume

We call Eq. 5.22 the linear momentum equation.

In our application of the linear momentum equation, we initially confine ourselves to
fixed, nondeforming control volumes for simplicity. Subsequently, we discuss the use of a
moving but inertial, nondeforming control volume. We do not consider deforming control
volumes and accelerating (noninertial) control volumes. If a control volume is noninertial,

L

Fy Coincident
' __control volume
\\/
\
\

B FIGURE 5.2 External forces acting on system and
System coincident control volume.



Both surface and
body forces act on
the contents of the
control volume.
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V5.4 Force due to a
water jet
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the acceleration components involved (for example, translation acceleration, Coriolis accel-
eration, and centrifugal acceleration) require consideration.

The forces involved in Eq. 5.22 are body and surface forces that act on what is con-
tained in the control volume. The only body force we consider in this chapter is the one as-
sociated with the action of gravity. We experience this body force as weight. The surface
forces are basically exerted on the contents of the control volume by material just outside
the control volume in contact with material just inside the control volume. For example, a
wall in contact with fluid can exert a reaction surface force on the fluid it bounds. Similarly,
fluid just outside the control volume can push on fluid just inside the control volume at a
common interface, usually an opening in the control surface through which fluid flow oc-
curs. An immersed object can resist fluid motion with surface forces.

The linear momentum terms in the momentum equation deserve careful explanation.
We clarify their physical significance in the following sections.

522 Application of the Linear Momentum Equation

The linear momentum equation for an inertial control volume is a vector equation (Eq. 5.22).
In engineering applications, components of this vector equation resolved along orthogonal
coordinates, for example, x, y, and z (rectangular coordinate system) or r, 6, and x (cylindri-
cal coordinate system), will normally be used. A simple example involving steady, incom-
pressible flow is considered first.

As shown in Fig. ES.10qa, a horizontal jet of water exits a nozzle with a uniform speed of
V, = 10 ft/s, strikes a vane, and is turned through an angle 6. Determine the anchoring force
needed to hold the vane stationary. Neglect gravity and viscous effects.

l’A] =0.06 ft? ~—Vane
Nozzle >
\4 B FIGURE E5.10
(a)
Control__
volume
Nozzle
_/ V
1
(b)
SoLution

We select a control volume that includes the vane and a portion of the water (see Figs.
E5.10b,¢) and apply the linear momentum equation to this fixed control volume. The x and
z components of Eq. 5.22 become
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0 (flow is steady)

9
aJ pdV+JupV-f1dA=EFX 1)
and
0 (flow is steady)
d
azJ pdV+prV-ﬁdA=EFZ )

where V.= ui + wk, and = F, and 2 F, are the net x and z components of force acting on
the contents of the control volume.

The water enters and leaves the control volume as a free jet at atmospheric pressure.
Hence, there is atmospheric pressure surrounding the entire control volume, and the net pres-
sure force on the control volume surface is zero. If we neglect the weight of the water and
vane, the only forces applied to the control volume contents are the horizontal and vertical
components of the anchoring force, F,, and F,., respectively.

The only portions of the control surface across which fluid flows are section (1) (the
entrance) where V + it = —V, and section (2) (the exit) where V + it = +V,. (Recall that the
unit normal vector is directed out from the control surface.) Also, with negligible gravity and
viscous effects, and since p, = p,, the speed of the fluid remains constant, so that V, =
V, = 10 ft/s (see the Bernoulli equation, Eq. 3.6). Hence, at section (1), u = V|, w = 0, and
at section (2), u = V;cos 0, w = V, sin 6.

By using the above information, Egs. 1 and 2 can be written as

Vip(=V)A| + Vicos 0 p(V))A; = Fy, 3)
and
(0)p(=V1)A, + Visin 0 p(V))A; = F, C))

Note that since the flow is uniform across the inlet and exit, the integrals simply reduce to
multiplications. Equations 3 and 4 can be simplified by using conservation of mass which
states that for this incompressible flow AV, = A,V,, or A; = A, since V; = V,. Thus

Fy. = —pA,V? + pAVicos @ = —pA, Vi (1 — cos ) 5)
and
F,. = pA,Visin 6 (6)
With the given data, we obtain
Fy. = —(1.94 slugs/ft*)(0.06 £t*)(10 ft/s)*(1 — cos 6) (Ans)
= —11.64(1 — cos 0) slugs - ft/s* = —11.64(1 — cos 6) Ib

and

Fu. = (1.94 slugs/ft*)(0.06 ft*)(10 ft/s)* sin @ (Ans)

11.64 sin 6 Ib

Note that if # = 0 (i.e., the vane does not turn the water), the anchoring force is zero.
The inviscid fluid merely slides along the vane without putting any force on it. If 8 = 90°,
then F,, = —11.641b and F,, = 11.64 1b. It is necessary to push on the vane (and, hence,
for the vane to push on the water) to the left (F,, is negative) and up in order to change the
direction of flow of the water from horizontal to vertical. A momentum change requires a
force. If # = 180°, the water jet is turned back on itself. This requires no vertical force
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(F,4, = 0), but the horizontal force (F,, = —23.31b) is two times that required if § = 90°.
This force must eliminate the incoming fluid momentum and create the outgoing momentum.
Note that the anchoring force (Egs. 5, 6) can be written in terms of the mass flowrate,
rh = pA]V], as
Fy. = —mV, (1 — cos 0)
and

F,, = mV,sin0

In this example the anchoring force is needed to produce the nonzero net momentum flowrate

(mass flowrate times the change in x or z component of velocity) across the control surface.
\.

Determine the anchoring force required to hold in place a conical nozzle attached to the end
of a laboratory sink faucet (see Fig. E5.11a) when the water flowrate is 0.6 liter/s. The noz-
zle mass is 0.1 kg. The nozzle inlet and exit diameters are 16 mm and 5 mm, respectively.
The nozzle axis is vertical and the axial distance between sections (1) and (2) is 30 mm. The
pressure at section (1) is 464 kPa.

SoLution
The anchoring force sought is the reaction force between the faucet and nozzle threads. To

evaluate this force we select a control volume that includes the entire nozzle and the water
contained in the nozzle at an instant, as is indicated in Figs. E5.11a and E5.11b. All of the

-

X

P Control volume
=— Dy =16 mm —»

w1
\ | Section (1)
|
|
i h =30 mm
|
|
\ Section (2)
—{ || F—D,=5mm

Wa

B FIGURE E5.11a
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Control volume

iiiiii /| F, = anchoring force that holds
nozzle in place
11’2‘42 W, = weight of nozzle
W, = weight of water contained in
the nozzle
p1 = gage pressure at section (1)
Ay = cross section area at
section (1)
p, = gage pressure at section (2)
A, = cross section area at
section (2)
wy =z direction velocity at
control volume entrance
Y, w, = z direction velocity at
control volume exit B FIGURE E5.11b

vertical forces acting on the contents of this control volume are identified in Fig. E5.11b.
The action of atmospheric pressure cancels out in every direction and is not shown. Gage
pressure forces do not cancel out in the vertical direction and are shown. Application of the
vertical or z direction component of Eq. 5.22 to the contents of this control volume leads to

0 (flow is steady)

d
- wpdV-l—j wpV -idA =F, — W, —pA, — W, + pA, §))

cv cs

where w is the z direction component of fluid velocity, and the various parameters are iden-
tified in the figure.

Note that the positive direction is considered “up” for the forces. We will use this same
sign convention for the fluid velocity, w, in Eq. 1. In Eq. 1, the dot product, V - @, is “+”
for flow out of the control volume and “— for flow into the control volume. For this par-
ticular example

V-hdA = *|w|dA )

with the “+” used for flow out of the control volume and “—" used for flow in. To evalu-
ate the control surface integral in Eq. 1, we need to assume a distribution for fluid velocity,
w, and fluid density, p. For simplicity, we assume that w is uniformly distributed or constant,
with magnitudes of w, and w, over cross-sectional areas A; and A,. Also, this flow is in-
compressible so the fluid density, p, is constant throughout. Proceeding further we obtain for
Eq. 1




5.2 Newton’s Second Law—The Linear Momentum and Moment-of-Momentum Equations M 227

(=m)(—wy) + my(—wy)
=Fy =W, = pA; — W, + pA; 3)
where m = pAV is the mass flowrate.
Note that —w; and —w, are used because both of these velocities are “down”. Also,
—m, is used because it is associated with flow the control volume. Similarly, +m, is used

because it is associated with flow out of the control volume. Solving Eq. 3 for the anchor-
ing force, F,, we obtain

Fy = mw, = myw, + W, + pA, + W, = prA, )
From the conservation of mass equation, Eq. 5.12, we obtain
my =, = m )
which when combined with Eq. 4 gives
Fy=m(wy —w) + W, + pA; + W, — pA, (6)

It is instructive to note how the anchoring force is affected by the different actions in-
volved. As expected, the nozzle weight, W,, the water weight, W,,, and gage pressure force
at section (1), p;A,, all increase the anchoring force, while the gage pressure force at section
(2), p»A,, acts to decrease the anchoring force. The change in the vertical momentum flowrate,
m(w, — w,), will, in this instance, decrease the anchoring force because this change is neg-
ative (w, > w)).

To complete this example we use quantities given in the problem statement to quan-
tify the terms on the right-hand side of Eq. 6.

From Eq. 5.6,

m = pwA; = pQ = (999 kg/m?)(0.6 liter/s)(10~* m?/liter) = 0.599 kg/s 7)

and

0.6 liter/s)(10~* m*/liter
e AQl - 7T(DQ12/4) - 77((16 mm)z//é)lEIOOOZ m/mz/rr)lz) = 298 m/s ®)
Also from Eq. 5.6,
0 0 (0.6 liter/s)(10~* m*/liter)
2T A, T m(DY4) w(5 mm)/4(1000° mm?/m?)

= 30.6 m/s 9)

The weight of the nozzle, W, can be obtained from the nozzle mass, m,, with
W, = m,g = (0.1kg)(9.81 m/s?) = 0.981 N 10)

The weight of the water in the control volume, W,, can be obtained from the water density,
p, and the volume of water, ¥,, in the truncated cone of height /. That is,

W, = p¥,g = piymh(D} + D3 + DiD,)g
Thus,

v = (999 ke/m) 5 000 rmy/m)

(16 mm)? + (5 mm)* + (16 mm)(5 mm)
(1000* mm?*/m?)

(9.81 m/s?) = 0.0278 N (11)

The gage pressure at section (2), p,, is zero since, as discussed in Section 3.6.1, when a sub-
sonic flow discharges to the atmosphere as in the present situation, the discharge pressure is
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!

tipatm
—— 4—/
- | ] ‘(pl +patm)Al
=1 f~— |
| /
| 1w |
1RZ
=2
}(Pz +patm)A2
‘Wz
() (d)
B FIGURE E5.11¢ B FIGURE E5.11d

essentially atmospheric. The anchoring force, F, can now be determined from Egs. 6 through

11 with
F, = (0.599 kg/s)(2.98 m/s — 30.6 m/s) + 0.981 N
+ (464 kPa)(1000 Pa/kPa) 77(126 mmz)z .
4(1000° mm*/m°~)
+0.0278N — 0
or
Fy=—165N + 0981 N + 933N + 0.0278 N = 77.8 N (Ans)

Since the anchoring force, F, is positive, it acts upward in the z direction. The nozzle would
be pushed off the pipe if it were not fastened securely.

The control volume selected above to solve problems such as these is not unique. The
following is an alternate solution that involves two other control volumes—one containing
only the nozzle and the other containing only the water in the nozzle. These control volumes
are shown in Figs. E5.11¢ and ES5.11d along with the vertical forces acting on the contents
of each control volume. The new force involved, R., represents the interaction between the
water and the conical inside surface of the nozzle. It includes the net pressure and viscous
forces at this interface.

Application of Eq. 5.22 to the contents of the control volume of Fig. E5.11c¢ leads to

FA = LM/;: + Rz - patm(Al - AZ) (12)

The term p,, (A, — A,) is the resultant force from the atmospheric pressure acting
upon the exterior surface of the nozzle (i.e., that portion of the surface of the nozzle that is
not in contact with the water). Recall that the pressure force on a curved surface (such as the
exterior surface of the nozzle) is equal to the pressure times the projection of the surface area
on a plane perpendicular to the axis of the nozzle. The projection of this area on a plane per-
pendicular to the z direction is A; — A,. The effect of the atmospheric pressure on the




Linear momentum
is a vector quantity.
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internal area (between the nozzle and the water) is already included in R, which represents
the net force on this area.
Similarly, for the control volume of Fig. E5.11d we obtain

R, = m(wl - WZ) + OM/;V + (pl + patm)Al - (p2 - patm)A2 13)

where p, and p, are gage pressures. From Eq. 13 it is clear that the value of R, depends on
the value of the atmospheric pressure, p,., since A; # A,. That is, we must use absolute
pressure, not gage pressure, to obtain the correct value of R..

By combining Egs. 12 and 13 we obtain the same result for F, as before (Eq. 6):

F, = m(Wl —wy) + W, + pA + W, — pA,

Note that although the force between the fluid and the nozzle wall, R., is a function of p,,,
the anchoring force, F, is not. That is, we were correct in using gage pressure when solv-
ing for F, by means of the original control volume shown in Fig. E5.11b.

\_

Several important generalities about the application of the linear momentum equation
(Eq. 5.22) are apparent in the example just considered.

1. When the flow is uniformly distributed over a section of the control surface where flow
into or out of the control volume occurs, the integral operations are simplified. Thus,
one-dimensional flows are easier to work with than flows involving nonuniform velocity
distributions.

2. Linear momentum is directional; it can have components in as many as three orthog-
onal coordinate directions. Furthermore, along any one coordinate, the linear momen-
tum of a fluid particle can be in the positive or negative direction and thus be consid-
ered as a positive or a negative quantity. In Example 5.11, only the linear momentum
in the z direction was considered (all of it was in the negative z direction and was hence
treated as being negative).

3. The flow of positive or negative linear momentum info a control volume involves a
negative V - fi product. Momentum flow out of the control volume involves a positive
V - it product. The correct algebraic sign (+ or —) to assign to momentum flow
(VpV - fidA) will depend on the sense of the velocity (+ in positive coordinate
direction, — in negative coordinate direction) and the V - fi product (+ for flow out of
the control volume, — for flow into the control volume). In Example 5.11, the mo-
mentum flow into the control volume past section (1) was a positive (+) quantity while
the momentum flow out of the control volume at section (2) was a negative (—) quantity.

4. The time rate of change of the linear momentum of the contents of a nondeforming
control volume (i.e., 9/dt [ Vp d¥) is zero for steady flow. The momentum problems
considered in this text all involve steady flow.

5. If the control surface is selected so that it is perpendicular to the flow where fluid en-
ters or leaves the control volume, the surface force exerted at these locations by fluid
outside the control volume on fluid inside will be due to pressure. Furthermore, when
subsonic flow exits from a control volume into the atmosphere, atmospheric pressure
prevails at the exit cross section. In Example 5.11, the flow was subsonic and so we
set the exit flow pressure at the atmospheric level. The continuity equation (Eq. 5.12)
allowed us to evaluate the fluid flow velocities w; and w;, at sections (1) and (2).

6. The forces due to atmospheric pressure acting on the control surface may need con-
sideration as indicated by Eq. 13 for the reaction force between the nozzle and the
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A control volume
diagram is similar
to a free body
diagram.

E xavpLE
5.12

fluid. When calculating the anchoring force, F,, the forces due to atmospheric pres-
sure on the control surface cancel each other (for example, after combining Eqgs. 12
and 13 the atmospheric pressure forces are no longer involved) and gage pressures may
be used.

N

The external forces have an algebraic sign, positive if the force is in the assigned positive
coordinate direction and negative otherwise.

8. Only external forces acting on the contents of the control volume are considered in the
linear momentum equation (Eq. 5.22). If the fluid alone is included in a control volume,
reaction forces between the fluid and the surface or surfaces in contact with the fluid
[wetted surface(s)] will need to be in Eq. 5.22. If the fluid and the wetted surface or
surfaces are within the control volume, the reaction forces between fluid and wetted
surface(s) do not appear in the linear momentum equation (Eq. 5.22) because they are
internal, not external forces. The anchoring force that holds the wetted surface(s) in
place is an external force, however, and must therefore be in Eq. 5.22.

9. The force required to anchor an object will generally exist in response to surface pres-
sure and/or shear forces acting on the control surface, to a change in linear momen-
tum flow through the control volume containing the object, and to the weight of the
object and the fluid contained in the control volume. In Example 5.11 the nozzle an-
choring force was required mainly because of pressure forces and partly because of a
change in linear momentum flow associated with accelerating the fluid in the nozzle.
The weight of the water and the nozzle contained in the control volume influenced the
size of the anchoring force only slightly.

To further demonstrate the use of the linear momentum equation (Eq. 5.22), we consider
another one-dimensional flow example before moving on to other facets of this important
equation.

Water flows through a horizontal, 180° pipe bend as illustrated in Fig. E5.12a. The flow
cross-sectional area is constant at a value of 0.1 ft> through the bend. The flow velocity every-
where in the bend is axial and 50 ft/s. The absolute pressures at the entrance and exit of the
bend are 30 psia and 24 psia, respectively. Calculate the horizontal (x and y) components of
the anchoring force required to hold the bend in place.

SoLution

Since we want to evaluate components of the anchoring force to hold the pipe bend in place,
an appropriate control volume (see dashed line in Fig. E5.12a) contains the bend and the
water in the bend at an instant. The horizontal forces acting on the contents of this control
volume are identified in Fig. E5.12b. Note that the weight of the water is vertical (in the neg-
ative z direction) and does not contribute to the x and y components of the anchoring force.
All of the horizontal normal and tangential forces exerted on the fluid and the pipe bend are
resolved and combined into the two resultant components, F,, and F,,. These two forces act
on the control volume contents, and thus for the x direction, Eq. 5.22 leads to

J upV - ndA = F,, §))

At sections (1) and (2), the flow is in the y direction and therefore u = 0 at both cross sections.
There is no x direction momentum flow into or out of the control volume and we conclude
from Eq. 1 that

F..=0. (Ans)
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Pipe bend

Section (1) A=0.11 TZ and water \ Fy,

< \ u vy
|
I 4
Y /
V=" X /> Control y
50 ft/s volume Doy m—
V) ~ e

Section (2)

S

Control volume F

X

(a)

(b)
B FIGURE E5.12

For the y direction, we get from Eq. 5.22
J vpV - fidA = F,, + p/A; + pA, (2)

For one-dimensional flow, the surface integral in Eq. 2 is easy to evaluate and Eq. 2 becomes
(Fo)(=m) + (mv)(+my) = Fyy + piA; + pA; 3

Note that the y component of velocity is positive at section (1) but is negative at section (2).
Also, the mass flowrate term is negative at section (1) (flow in) and is positive at section (2)
(flow out). From the continuity equation (Eq. 5.12), we get

m=m; =m, (©)]

and thus Eq. 3 can be written as
—m(v; + v,) = Fyy + pjA; + pA, 5)

Solving Eq. 5 for F,, we obtain
Fy, = —m(v; + v,) — piA; — prA, 6)

From the given data we can calculate m from Eq. 5.6 as
m = p,Av; = (1.94 slugs/ft*)(0.1 ft*)(50 ft/s) = 9.70 slugs/s

For determining the anchoring force, Fy,, the effects of atmospheric pressure cancel and thus
gage pressures for p; and p, are appropriate. By substituting numerical values of variables
into Eq. 6, we get

F,, = —(9.70 slugs/s)(50 ft/s + 50 ft/s){1 Ib/[slug - (ft/s*)]}
— (30 psia — 14.7 psia)(144 in.?/ft*)(0.1 ft%)
— (24 psia — 14.7 psia)(144 in.?/ft%)(0.1 ft%)
F, = —=9701b — 2201b — 1341b = —13241b (Ans)

The negative sign for Fy, is interpreted as meaning that the y component of the anchoring
force is actually in the negative y direction, not the positive y direction as originally indi-
cated in Fig. E5.12b.

As with Example 5.11, the anchoring force for the pipe bend is independent of the
atmospheric pressure. However, the force that the bend puts on the fluid inside of it, R,,
depends on the atmospheric pressure. We can see this by using a control volume which
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surrounds only the fluid within the bend as shown in Fig. E5.12¢. Application of the mo-
mentum equation to this situation gives

R, = —m(v; + v)) — piA; — pA;

where p, and p, must be in terms of absolute pressure because the force between the fluid
and the pipe wall, R,, is the complete pressure effect (i.e., absolute pressure).
Thus, we obtain

R, = —(9.70 slugs/s)(50 ft/s + 50 ft/s) — (30 psia)(144 in.>/ft*)(0.1 ft*)
— (24 psia)(144 in.2/ft*)(0.1 ft?) )
—1748 Ib

We can use the control volume that includes just the pipe bend (without the fluid inside
it) as shown in Fig. E5.12d to determine F,, the anchoring force component in the y direction
necessary to hold the bend stationary. The y component of the momentum equation applied
to this control volume gives

FAy = Ry + Patm (Al + AZ) (8)

where R, is given by Eq. 7. The p,,(A; + A,) term represents the net pressure force on the
outside portion of the control volume. Recall that the pressure force on the inside of the bend
is accounted for by R,. By combining Egs. 7 and 8, we obtain

Fy, = —17481b + 14.71b/in2 (0.1 f + 0.1 f0)(144 in/f2) = —1324 b

in agreement with the original answer obtained using the control volume of Fig. E5.12b.

\_

In Example 5.12, the direction of flow entering the control volume was different from
the direction of flow leaving the control volume by 180°. This change in flow direction only
(the flow speed remained constant) resulted in a large portion of the reaction force exerted
by the pipe on the water. This is in contrast to the small contribution of fluid acceleration to
the anchoring force of Example 5.11. From Examples 5.11 and 5.12, we see that changes in
flow speed and/or direction result in a reaction force. Other types of problems that can be
solved with the linear momentum equation (Eq. 5.22) are illustrated in the following
examples.
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Air flows steadily between two cross sections in a long, straight portion of 4-in. inside di-
ameter pipe as indicated in Fig. E5.13, where the uniformly distributed temperature and pres-
sure at each cross section are given. If the average air velocity at section (2) is 1000 ft/s, we
found in Example 5.2 that the average air velocity at section (1) must be 219 ft/s. Assuming
uniform velocity distributions at sections (1) and (2), determine the frictional force exerted
by the pipe wall on the air flow between sections (1) and (2).

1% Control volume Vs =
A 1 N\ 1000 ft/s ¥
LG < -
(), | < R, € ) - -
————————————— | P24z Flow
7 X
Section (1) Pipe Section (2)
p1 =100 psia p, = 18.4 psia
T, =540 °R T, =453 °R B FIGURE E5.13
SoLution

The control volume of Example 5.2 is appropriate for this problem. The forces acting on the
air between sections (1) and (2) are identified in Fig. E5.13. The weight of air is considered
negligibly small. The reaction force between the wetted wall of the pipe and the flowing air,
R,, is the frictional force sought. Application of the axial component of Eq. 5.22 to this
control volume yields

J upV - idA = —R, + p/A; — pA, @

The positive x direction is set as being to the right. Furthermore, for uniform velocity dis-
tributions (one-dimensional flow), Eq. 1 becomes
(+u)(=my) + (fuy)(+my) = =R, + pA; — prA; (2)

From conservation of mass (Eq. 5.12) we get

m=m = m, 3)
so that Eq. 2 becomes
m(uy — uy) = =R, + Ay(py — p2) )
Solving Eq. 4 for R,, we get
R, = Ay(py — p2) — m(u, — uy) (%)
The equation of state gives
P = o ©)
and the equation for area A, is
Ay = D (7
4

Thus, from Egs. 3, 6, and 7
. (P \(mD3\ (184 psia)(144 in.2/ft%)

" (RT2><4>”2 ~ (1716 ft - Ib/slug - °R)(453 °R)
m(4in.)?

4(144 in.?/ft%)

(1000 ft/s) = 0.297 slugs/s 8
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Thus, from Egs. 5 and 8
R, = W(lOO psia — 18.4 psia)
— (0.297 slugs/s)(1000 ft/s — 219 ft/s)[ 1 Ib/(slug - ft/s?)]
or
R, =10251b — 2321b = 793 1b (Ans)

Note that both the pressure and momentum contribute to the friction force, R,. If the
fluid flow were incompressible, then u; = u, and there would be no momentum contribution
to R,.

\.

If the flow of Example 5.4 is vertically upward, develop an expression for the fluid pressure
drop that occurs between sections (1) and (2).

§oLution

A control volume (see dashed lines in Fig. E5.4) that includes only fluid from section (1) to
section (2) is selected. The forces acting on the fluid in this control volume are identified in
Fig. E5.14. The application of the axial component of Eq. 5.22 to the fluid in this control
volume results in

J wpV - idA = p Ay — R, — W — pA; (1
CcS
TFlOW
oA
ATH
Wy = 2w1[1 _ (ILQ)ZI Section (2)
‘v;
|
} — R i/Control volume
oy
‘ ‘
Fluid only — w }
| 1]
} Y \
| & |
e
WIK% L Section (1)
31—
1Ay
g
w
u/ v ¥

x B FIGURE E5.14
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where R. is the resultant force of the wetted pipe wall on the fluid. Further, for uniform flow
at section (1), and because the flow at section (2) is out of the control volume, Eq.1 becomes

(+w)(=m,) + J (+wy)p(+w,dAy) = piA; — R, — W — prA, (2)
Ay
The positive direction is considered up. The surface integral over the cross-sectional area at

section (2), A,, is evaluated by using the parabolic velocity profile obtained in Example 5.4,
w, = 2w[1 — (r/R)*], as

R R 272
J Wopw, dA, = pj w3 2arr dr = 27TpJ (2w, )? [1 - (r> } rdr
Ay 0 0 R
or
R2
J Wopw, dA, = 4 mpw? — 3
A, 3
Combining Egs. 2 and 3 we obtain
—wipmR® + %W%P’”'Rz =piA — R =W = pA, (C)]

Solving Eq. 4 for the pressure drop from section (1) to section (2), p; — p,, we obtain

2
pwi R W
pi—p=— t ot

P - A ~
3 A A (Ans)

We see that the drop in pressure from section (1) to section (2) occurs because of the following:

1. The change in momentum flow between the two sections associated with going from
a uniform velocity profile to a parabolic velocity profile.

2. Pipe wall friction.
3. The weight of the water column; a hydrostatic pressure effect.

If the velocity profiles had been identically parabolic at sections (1) and (2), the momentum
flowrate at each section would have been identical, a condition we call “fully developed”
flow. Then, the pressure drop, p; — p,, would be due only to pipe wall friction and the weight
of the water column. If in addition to being fully developed, the flow involved negligible
weight effects (for example, horizontal flow of liquids or the flow of gases in any direction)
the drop in pressure between any two sections, p; — p,, would be a result of pipe wall fric-
tion only.

Note that although the average velocity is the same at section (1) as it is at section (2)
(V, = V, = w,), the momentum flux across section (1) is not the same as it is across section
(2). If it were, the left-hand side of Eq. (4) would be zero. For this nonuniform flow the mo-
mentum flux can be written in terms of the average velocity, V, and the momentum coeffi-
cient, 3, as

J wpV - i dA
p= pV*A
Hence the momentum flux can be written as

J wpV - fidA = —B,wipmR> + BwlpmR®
cs

where B, = 1 (8 = 1 for uniform flow) and 8, = 4/3 (8 > 1 for nonuniform flow).
.
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A static thrust stand as sketched in Fig. E5.15 is to be designed for testing a jet engine. The
following conditions are known for a typical test: Intake air velocity = 200 m/s; exhaust gas
velocity = 500 m/s; intake cross-sectional area = 1 m?; intake static pressure = —22.5
kPa = 78.5 kPa; (abs); intake static temperature = 268 K; exhaust static pressure =
0 kPa = 101 kPa (abs). Estimate the nominal thrust for which to design.

Control volume

B FIGURE E5.15

§oLution

The cylindrical control volume outlined with a dashed line in Fig. E5.15 is selected. The
external forces acting in the axial direction are also shown. Application of the momentum
equation (Eq. 5.22) to the contents of this control volume yields

f upV - RdA = piA, + Fyy — pods — pan (A1 — As) )

where the pressures are absolute. Thus, for one-dimensional flow, Eq. 1 becomes
(tu)(=my) + (Fu)(+my) = (p1 = Pum)Ai — (P2 = Pam)A2 + Fu (2)
The positive direction is to the right. The conservation of mass equation (Eq. 5.12) leads to
m=my = pAu = m, = pA, 3
Combining Egs. 2 and 3 and using gage pressure we obtain
m(uy — uy) = piA; — pA, + Fy 4)
Solving Eq. 4 for the thrust force, Fy,, we obtain
Fo = —piA;r + pAy + m(uy — uy) (5)

We need to determine the mass flowrate, m, to calculate Fy,, and to calculate m = p,Au;,
we need p,. From the ideal gas equation of state

_ pi_ (78.5kPa)(1000 Pa/kPa)[ 1(N/m?)/Pa]
CRT,  (286.9J/kg-K)(268 K)(1 N - m/J)

I = 1.02 kg/m*

Thus,
m = pAu; = (1.02 kg/m*)(1 m?)(200 m/s) = 204 kg/s 6)
Finally, combining Eqs. 5 and 6 and substituting given data with p, = 0, we obtain
Fy, = —(1 m?)(—22.5 kPa)(1000 Pa/kPa)[ 1(N/m?)/Pa]
+ (204 kg/s)(500 m/s — 200 m/s)[1 N/(kg - m/s%)]
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and
Fy, = 22500N + 61,200 N = 83,700 N (Ans)

The force of the thrust stand on the engine is directed toward the right. Conversely, the
engine pushes to the left on the thrust stand (or aircraft).
\.

A sluice gate across a channel of width b is shown in the closed and open positions in
Figs. E5.16a and ES.16b. Is the anchoring force required to hold the gate in place larger
when the gate is closed or when it is open?

SoLution

We will answer this question by comparing expressions for the horizontal reaction force, R,,
between the gate and the water when the gate is closed and when the gate is open. The con-
trol volume used in each case is indicated with dashed lines in Figs. E5.16a and E5.16b.

Closed sluice Open sluice
gate
gate
Control volume ‘Z Control volume

Water only
Control volume/ Control volume
N o
| R T
1 \ -
(2"H)Hb} = [rn)me
|
— | —
,,,,, [ /
Section
(1)
(c) (d) B FIGURE E5.16

When the gate is closed, the horizontal forces acting on the contents of the control vol-
ume are identified in Fig. ES.16¢. Application of Eq. 5.22 to the contents of this control vol-
ume yields

0 (no flow)
J upY - fvdA = ;yH*»b — R, 1)

Note that the hydrostatic pressure force, yH?b/2, is used. From Eq. 1, the force exerted on
the water by the gate (which is equal to the force necessary to hold the gate stationary) is

R, = 3yH’b @)
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which is equal in magnitude to the hydrostatic force exerted on the gate by the water.

When the gate is open, the horizontal forces acting on the contents of the control vol-
ume are shown in Fig. ES.16d. Application of Eq. 5.22 to the contents of this control volume
leads to

J upV « fdA = SyHh — R, — 3yh*b — F; 3)

Note that we have assumed that the pressure distribution is hydrostatic in the water at sec-
tions (1) and (2) (see Section 3.4). Also, the frictional force between the channel bottom and
the water is specified as F. The surface integral in Eq. 3 is nonzero only where there is flow
across the control surface. With the assumption of uniform velocity distributions,

J upV - vdA = (u)p(—u,)Hb + (+u,)p(+u,)hb )

Thus, Egs. 3 and 4 combine to form
—puiHb + pushb = 3yHb — R, — 5yh’b — F,; 5)

If H > h, the upstream velocity, u;, is much less than u, so that the contribution of the in-
coming momentum flow to the control surface integral can be neglected and from Eq. 5 we
obtain

R, = 5yH’b — 3yl’b — F; — pudhb (6)
Comparing the expressions for R, (Egs. 2 and 6), we conclude that the reaction force between

the gate and the water (and therefore the anchoring force required to hold the gate in place)
is smaller when the gate is open than when it is closed. (Ans)

\_

All of the linear momentum examples considered thus far have involved stationary and
nondeforming control volumes which are thus inertial because there is no acceleration. A
nondeforming control volume translating in a straight line at constant speed is also inertial
because there is no acceleration. For a system and an inertial, moving, nondeforming control
volume that are both coincident at an instant of time, the Reynolds transport theorem (Eq. 4.23)
leads to

D d
J VpdV=J VpdV-I—j VpW - i dA (5.23)
Dt sys at cv cs
When we combine Eq. 5.23 with Eqgs. 5.19 and 5.20, we get
d
5 J Vp dv + J pr : fl dA = E Fcoments of the (5'24)
cv cs control volume

When the equation relating absolute, relative, and control volume velocities (Eq. 5.14) is used
with Eq. 5.24, the result is

Jd
. J (W + ch)p dv + J' (W + ch)pw chdA = E Fcontems of the (5-25)

ot cs control volume

For a constant control volume velocity, V., and steady flow in the control volume reference
frame,
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9
atJ (W + V. )pd¥ =0

Also, for this inertial, nondeforming control volume

WoW - fidA + VCVJ pW - fi dA

cs

J (W + V.)pW - hdA = j

cs

For steady flow (on an instantaneous or time-average basis), Eq. 5.15 gives

JpW'fldAZO

m 239

(5.26)

(5.27)

(5.28)

Combining Egs. 5.25, 5.26, 5.27, and 5.28, we conclude that the linear momentum equation
for an inertial, moving, nondeforming control volume that involves steady (instantaneous or

time-average) flow is

J WPW ‘NdA = E Fcontents of the

control volume

Example 5.17 illustrates the use of Eq. 5.29.

speed of 20 ft/s.

Moving
vane

\(/Al =0.006 ft2
N

ozzle >

Vi

B FIGURE E5.17

Moving —
control
volume

(5.29)

A vane on wheels moves with constant velocity V, when a stream of water having a nozzle
exit velocity of V| is turned 45° by the vane as indicated in Fig. E5.17a. Note that this is the
same moving vane considered in Section 4.4.6 earlier. Determine the magnitude and direc-
tion of the force, F, exerted by the stream of water on the vane surface. The speed of the wa-
ter jet leaving the nozzle is 100 ft/s, and the vane is moving to the right with a constant
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To determine the magnitude and direction of the force, F, exerted by the water on the vane,
we apply Eq. 5.29 to the contents of the moving control volume shown in Fig. E5.17b. The
forces acting on the contents of this control volume are indicated in Fig. E5.17¢. Note that
since the ambient pressure is atmospheric, all pressure forces cancel each other out. Equa-
tion 5.29 is applied to the contents of the moving control volume in component directions.
For the x direction (positive to the right), we get

J W.pW-hdA = —R,

or
(+W)(—=my) + (+W,cos 45°)(+m,) = —R, @
where
my = pWiA, and my = pyWrAs.
For the vertical or z direction (positive up) we get
f W.pW - fidA = R, — W,
or

(+W,sin45°)(+m,) = R, — W, 2

We assume for simplicity, that the water flow is frictionless and that the change in water
elevation across the vane is negligible. Thus, from the Bernoulli equation (Eq. 3.7) we con-
clude that the speed of the water relative to the moving control volume, W, is constant or

W, =W,
The relative speed of the stream of water entering the control volume, W, is
W, =V, =V, =100 ft/s — 20 ft/s = 80 ft/s = W,
The water density is constant so that
p; = p, = 1.94 slugs/ft*

Application of the conservation of mass principle to the contents of the moving control vol-
ume (Eq. 5.16) leads to

m, = p WA, = p,W,A, = m,
Combining results we get
R, = pWiA, (1 — cos 45°)
or
R, = (1.94 slugs/ft*)(80 ft/s)*(0.006 ft*)(1 — cos 45°)
R, =21.81b
Also,
R, = pWi(sin 45°)4, + W,
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where
W, = pgAL
Thus,
R, = (1.94 slugs/ft*)(80 ft/s)*(sin 45°)(0.006 ft*)
+ (62.4 1b/f%)(0.006 ft*)(1 ft)
=5261b+0371b=531b

Combining the components we get

R = VR + R =[(21.81b)* + (531b)*]"* = 57.31b

The angle of R from the x direction, «, is

R,
a = tan”! R; = tan ' (53 1b/21.8 Ib) = 67.6°
The force of the water on the vane is equal in magnitude but opposite in direction from R;
thus it points to the right and down at an angle of 67.6° from the x direction and is equal in
magnitude to 57.3 1b. (Ans)
\_

It should be clear from the preceding examples that fluid flows can lead to a reaction
force in the following ways:

1. Linear momentum flow variation in direction and/or magnitude.
2. Fluid pressure forces.

3. Fluid friction forces.

4. Fluid weight.

The selection of a control volume is an important matter. An appropriate control volume can
make a problem solution straightforward.

5.23 Derivation of the Moment-of-Momentum Equation’

In many engineering problems, the moment of a force with respect to an axis, namely, forque,
is important. Newton’s second law of motion has already led to a useful relationship between
forces and linear momentum flow. The linear momentum equation can also be used to solve

The moment-of- problems involving torques. However, by forming the moment of the linear momentum and
momentum equa- the resultant force associated with each particle of fluid with respect to a point in an inertial
tion involves coordinate system, we will develop a moment-of-momentum equation that relates torques and
forques and angu- angular momentum flow for the contents of a control volume. When torques are important,
lar momentum. the moment-of-momentum equation is often more convenient to use than the linear momen-

tum equation.

Application of Newton’s second law of motion to a particle of fluid yields
D
E (Vp 6V) = 6Flparlicle (5.30)

This section may be omitted, along with Sections 5.2.4 and 5.3.5, without loss of continuity in the text material. However, these
sections are recommended for those interested in Chapter 12.
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where V is the particle velocity measured in an inertial reference system, p is the particle
density, 8% is the infinitesimally small particle volume, and OF ;. is the resultant external
force acting on the particle. If we form the moment of each side of Eq. 5.30 with respect to
the origin of an inertial coordinate system, we obtain

D
rX - (Vp¥) = r X 8Fpuna (5.31)

where r is the position vector from the origin of the inertial coordinate system to the fluid
particle (Fig. 5.3). We note that

%[(rXV)pSV]=%XVp8V+rXD(V+t8V) (5.32)
and
Dr
i v (5.33)
Thus, since
VXxXV=0 (5.34)
by combining Eqs. 5.31, 5.32, 5.33, and 5.34, we obtain the expression
D
Dr [(r X V)p ¥ ] =1 X 6F e (5.35)

Equation 5.35 is valid for every particle of a system. For a system (collection of fluid parti-
cles), we need to use the sum of both sides of Eq. 5.35 to obtain

ngt [(r X V)pd¥] = (r x F), (5.36)
where
>rx OF pariicle = > (r x Fgys (5.37)
We note that
DJ (rx V)pd¥ = J 2[(r x V)p d¥] (5.38)
Dt [ oys Dt

since the sequential order of differentiation and integration can be reversed without conse-
quence. (Recall that the material derivative, D( )/Dt, denotes the time derivative following
a given system; see Section 4.2.1.) Thus, from Egs. 5.36 and 5.38 we get

= J (rx V)pd¥ = Y (r x F)g, (5.39)
Dt Sys

B FIGURE 5.3 Inertial coordinate system.
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or

the time rate of change of the = sum of external torques
moment-of-momentum of the system  acting on the system

For a control volume that is instantaneously coincident with the system, the torques acting
on the system and on the control volume contents will be identical:

D (X F)y = > (r x F), (5.40)

Further, for the system and the contents of the coincident control volume that is fixed and
nondeforming, the Reynolds transport theorem (Eq. 4.19) leads to

D d
J (rXV)pdVZJ
Dt ), ot

cv

(r x V)pd¥ + J (r x V)pV - fidA (5.41)

cs

or

time rate of change  time rate of change  net rate of flow

of the moment-of- of the moment-of- of the moment-of-
momentum of the = momentum of the + momentum through
system contents of the the control surface

control volume

For a control volume that is fixed (and therefore inertial) and nondeforming, we combine
Egs. 5.39, 5.40, and 5.41 to obtain the moment-of-momentum equation:

d
. j (I’ X V)p dV + J (l‘ X V)pV . ﬁdA = E(I’ X F)contentsofthe (5'42)

Jt cs control volume

An important category of fluid mechanical problems that is readily solved with the help
of the moment-of-momentum equation (Eq. 5.42) involves machines that rotate or tend to ro-
tate around a single axis. Examples of these machines include rotary lawn sprinklers, ceil-
ing fans, lawn mower blades, wind turbines, turbochargers, and gas turbine engines. As a
class, these devices are often called turbomachines.

524 Application of the Moment-of-Momentum Equation®
We simplify our use of Eq. 5.42 in several ways:
1. We assume that flows considered are one-dimensional (uniform distributions of aver-
age velocity at any section).
2. We confine ourselves to steady or steady-in-the-mean cyclical flows. Thus,

9
< X Vipd¥ =0
Py L(r )P

at any instant of time for steady flows or on a time-average basis for cyclical unsteady
flows.

3. We work only with the component of Eq. 5.42 resolved along the axis of rotation.

Consider the rotating sprinkler sketched in Fig. 5.4. Because the direction and magnitude of
the flow through the sprinkler from the inlet [section (1)] to the outlet [section (2)] of the arm

This section may be omitted, along with Sections 5.2.3 and 5.3.5, without loss of continuity in the text material. However, these
sections are recommended for those interested in Chapter 12.
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The component of
angular momentum
along the axis of
rotation is often the
most important.

V5.5 Rotating lawn
sprinkler

changes, the water exerts a torque on the sprinkler head causing it to tend to rotate or to ac-
tually rotate in the direction shown, much like a turbine rotor. In applying the moment-of-
momentum equation (Eq. 5.42) to this flow situation, we elect to use the fixed and non-de-
forming control volume shown in Fig. 5.4. This disk-shaped control volume contains within
its boundaries the spinning or stationary sprinkler head and the portion of the water flowing
through the sprinkler contained in the control volume at an instant. The control surface cuts
through the sprinkler head’s solid material so that the shaft torque that resists motion can be
clearly identified. When the sprinkler is rotating, the flow field in the stationary control
volume is cyclical and unsteady, but steady in the mean. We proceed to use the axial com-
ponent of the moment-of-momentum equation (Eq. 5.42) to analyze this flow.
The integrand of the moment-of-momentum flow term in Eq. 5.42,

j (r x V)pV - fdA

can be nonzero only where fluid is crossing the control surface. Everywhere else on the
control surface this term will be zero because V - i = 0. Water enters the control volume
axially through the hollow stem of the sprinkler at section (1). At this portion of the control
surface, the component of r X V resolved along the axis of rotation is zero because r X V
and the axis of rotation are perpendicular. Thus, there is no axial moment-of-momentum flow
in at section (1). Water leaves the control volume through each of the two nozzle openings
at section (2). For the exiting flow, the magnitude of the axial component of r X V is r,Vj,,
where r, is the radius from the axis of rotation to the nozzle centerline and Vj, is the value
of the tangential component of the velocity of the flow exiting each nozzle as observed from
a frame of reference attached to the fixed and nondeforming control volume. The fluid velocity
measured relative to a fixed control surface is an absolute velocity, V. The velocity of the
nozzle exit flow as viewed from the nozzle is called the relative velocity, W. The absolute
and relative velocities, V and W, are related by the vector relationship

~
\‘\; Control volume
\

\\H Section (2)

Flow out

s
— 7 #~— Section (2)

—
—

Section (1)

Flow in )

Ic {7 O

= 7‘? 77777 ‘7\7 77777
Control volume E Section (1)

Flow

B FIGURE 5.4 (a) Rotary water
sprinkler. (b) Rotary water sprinkler, plan
view. (c) Rotary water sprinkler, side view. (c)



The algebraic sign
is obtained by the
right-hand rule.

5.2 Newton’s Second Law—The Linear Momentum and Moment-of-Momentum Equations M 245

V=W+U (5.43)

where U is the velocity of the moving nozzle as measured relative to the fixed control surface.
The cross product and the dot product involved in the moment-of-momentum flow term
of Eq. 5.42,

J (r x V)pV - fidA

can each result in a positive or negative value. For flow into the control volume, V - i is
negative. For flow out, V - 1 is positive. The correct algebraic sign to assign the axis com-
ponent of r X V can be ascertained by using the right-hand rule. The positive direction along
the axis of rotation is the direction the thumb of the right hand points when it is extended
and the remaining fingers are curled around the rotation axis in the positive direction of ro-
tation as illustrated in Fig. 5.5. The direction of the axial component of r X V is similarly
ascertained by noting the direction of the cross product of the radius from the axis of rota-
tion, ré,, and the tangential component of absolute velocity, V,&,. Thus, for the sprinkler of
Fig. 5.4, we can state that

{J (r X V)pV - i dA = (=rVyp)(+m) (5.44)
cs axial

where, because of mass conservation, m is the total mass flowrate through both nozzles. As
was demonstrated in Example 5.7, the mass flowrate is the same whether the sprinkler rotates
or not. The correct algebraic sign of the axial component of r X V can be easily remem-
bered in the following way: if V, and U are in the same direction, use +;if V4 and U are in
opposite directions, use —.

The torque term [ X (r X F)cgnients of the control volume ] Of the moment-of-momentum equa-
tion (Eq. 5.42) is analyzed next. Confining ourselves to torques acting with respect to the
axis of rotation only, we conclude that the shaft torque is important. The net torque with
respect to the axis of rotation associated with normal forces exerted on the contents of the
control volume will be very small if not zero. The net axial torque due to fluid tangential
forces is also negligibly small for the control volume of Fig. 5.4. Thus, for the sprinkler of
Fig. 5.4

E|:(I' X F)contems ofthe:| = Tshafl (5'45)
control volume_| axial

Note that we have entered Ty, as a positive quantity in Eq. 5.45. This is equivalent to
assuming that Ty, is in the same direction as rotation.

For the sprinkler of Fig. 5.4, the axial component of the moment-of-momentum equa-
tion (Eq. 5.42) is, from Egs. 5.44 and 5.45

) Voz’h = Topane (5.46)

B FIGURE 5.5 Right-hand rule convention.
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Power is equal to
angular velocity
times torque.

V5.6 Impulse-type
lawn sprinkler

E xavpLE
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We interpret Ty, being a negative quantity from Eq. 5.46 to mean that the shaft torque
actually opposes the rotation of the sprinkler arms as shown in Fig. 5.4. The shaft torque,
Tghati- OPPOses rotation in all turbine devices.

We could evaluate the shaft power, Wy,,q, associated with shaft torque, 7,5, by form-
ing the product of T, and the rotational speed of the shaft, w. (We use the notation that
W = work, () = d( )/dt, and thus W = power.) Thus, from Eq. 5.46 we get

Waate = Tohatt @ = —12Vgo @ (5.47)

Since r,w is the speed of each sprinkler nozzle, U, we can also state Eq. 5.47 in the form

Wapare = = UsVgori (5.48)
Shaft work per unit mass, wg,,q, is equal to Wshaﬂ/r'n. Dividing Eq. 5.48 by the mass flowrate,
m, we obtain

Wt = —UnVip (5.49)

Negative shaft work as in Egs. 5.47, 5.48, and 5.49 is work out of the control volume, i.e.,
work done by the fluid on the rotor and thus its shaft.

The principles associated with this sprinkler example can be extended to handle most
simplified turbomachine flows. The fundamental technique is not difficult. However, the
geometry of some turbomachine flows is quite complicated.

Example 5.18 further illustrates how the axial component of the moment-of-momentum
equation (Eq. 5.46) can be used.

Water enters a rotating lawn sprinkler through its base at the steady rate of 1000 ml/s as
sketched in Fig. E5.18. The exit area of each of the two nozzles is 30 mm?, and the flow
leaving each nozzle is in the tangential direction. The radius from the axis of rotation to the
centerline of each nozzle is 200 mm.

(a) Determine the resisting torque required to hold the sprinkler head stationary.

(b) Determine the resisting torque associated with the sprinkler rotating with a constant
speed of 500 rev/min.

(¢) Determine the speed of the sprinkler if no resisting torque is applied.

Control vol Nozzle exit
ontrol volume ~o__ / area = 30 mm?

Flow out V,=Vyy

Flow out Vs,

(b

0 = 1000mi/s

(a)

B FIGURE E5.18

(c)
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§oLution

To solve parts (a), (b), and (c) of this example we can use the same fixed and nondeforming,
disk shaped control volume illustrated in Fig. 5.4. As is indicated in Fig. E.5.18a, the only
axial torque considered is the one resisting motion, 7,,¢-

When the sprinkler head is held stationary as specified in part (a) of this example prob-
lem, the velocities of the fluid entering and leaving the control volume are as shown in
Fig. E.18b. Equation 5.46 applies to the contents of this control volume. Thus,

Tipate = — 12V ey
Since the control volume is fixed and nondeforming and the flow exiting from each nozzle
is tangential,
Voo =V (2)
Equations 1 and 2 give
Tipare = —12Vom 3)
In Example 5.7, we ascertained that V, = 16.7 m/s. Thus, from Eq. 3,

(200 mm)(16.7 m/s)(1000 ml/s)(107° m*/liter)(999 kg/m?)[ 1 (N/kg)/(m/s?)]
shatt (1000 mm/m)(1000 ml/liter)

or

Tgat = —3.34N-m (Ans)

When the sprinkler is rotating at a constant speed of 500 rpm, the flow field in the

control volume is unsteady but cyclical. Thus, the flow field is steady in the mean. The

velocities of the flow entering and leaving the control volume are as indicated in Fig. ES.18c.
The absolute velocity of the fluid leaving each nozzle, V,, is, from Eq. 5.43,

V2 = W2 - U 2 (4)
where W, = 16.7 m/s as determined in Example 5.7. The speed of the nozzle, U,, is obtained
from

U, = nw )]

Application of the axial component of the moment-of-momentum equation (Eq. 5.46) leads
again to Eq. 3. From Egs. 4 and 5,

(200 mm)(500 rev/min)(27r rad/rev)

= 16.7 - = 16.7 -
V2 6.7m/s — rw 6.7 m/s (1000 mm/m)(60 s/min)

or
V, =16.7m/s — 10.5m/s = 6.2 m/s
Thus, using Eq. 3, we get
o (200 mm)(6.2 m/s)(1000 ml/s)(10~* m*/liter)(999 kg/m’)[ 1 (N/kg)/(m/s?)]
shat (1000 mm/m)(1000 ml/liter)

or
Ty = —1.24N-m (Ans)

Note that the resisting torque associated with sprinkler head rotation is much less than the
resisting torque that is required to hold the sprinkler stationary.
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The angular mo-
mentum equation
is used to obtain
torque and power
for rotating
machines.

When no resisting torque is applied to the rotating sprinkler head, a maximum con-
stant speed of rotation will occur as demonstrated below. Application of Eqgs. 3, 4, and 5 to
the contents of the control volume results in

Tipare = —12(Wo — ryw)m (6)
For no resisting torque (T, = 0), Eq. 6 yields
W,
w=— (7)
)

In Example 5.7, we learned that the relative velocity of the fluid leaving each nozzle,
W,, is the same regardless of the speed of rotation of the sprinkler head, w, as long as the
mass flowrate of the fluid, 1, remains constant. Thus, by using Eq. 7 we obtain

1% 16.7 m/s)(1000 mm/m
w=J=( /X / )=83.5rad/s
r (200 mm)

or

_ (83.5rad/s)(60 s/min)
= 2 ar rad/rev

= 797 rpm (Ans)

For this condition (T, = 0), the water both enters and leaves the control volume with zero
angular momentum.

In summary, we observe that the resisting torque associated with rotation is less than
the torque required to hold a rotor stationary. Even in the absence of a resisting torque, the

rotor maximum speed is finite.

\_

When the moment-of-momentum equation (Eq. 5.42) is applied to a more general, one-
dimensional flow through a rotating machine, we obtain

Tshaft = (_min)( * rinVGin) + mout( * routvﬂout) (5.50)

by applying the same kind of analysis used with the sprinkler of Fig. 5.4. The “—" is used
with mass flowrate into the control volume, m,,, and the “+ is used with mass flowrate out
of the control volume, m,,,, to account for the sign of the dot product, V - i, involved. Whether
“+”or “—" is used with the rV, product depends on the direction of (r X V). A simple
way to determine the sign of the rV, product is to compare the direction of V, and the blade
speed, U. If V, and U are in the same direction, then the rV, product is positive. If V, and U
are in oppositve directions, the rV, product is negative. The sign of the shaft torque is

“+71if Ty.¢ 1s in the same direction along the axis of rotation as w, and “—” otherwise.
The shaft power, W5, is related to shaft torque, T, by
w shaft — Tshaftw (5'51)

Thus, using Egs. 5.50 and 5.51 with a “+” sign for Ty, in Eq. 5.50, we obtain

Wshaft = (_min)( * rinwVOin) + mout( * routwveout) (5-52)

or since ro = U

Wshaft = (_min)( * UinVOin) + mout( * UoutVOOut) (5-53)
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The “+” is used for the UV, product when U and V, are in the same direction; the “—”
is used when U and V, are in opposite directions. Also, since + 7y, was used to obtain
Eq. 5.53, when Wy, is positive, power is into the control volume (e.g., pump), and when
Wit 1S negative, power is out of the control volume (e.g., turbine).
The shaft work per unit mass, wg,,;, can be obtained from the shaft power, W atis by
dividing Eq. 5.53 by the mass flowrate, m. By conservation of mass,
I’;’l = rhin = mout

From Eq. 5.53, we obtain

Wehaft = _( * UinVOin) + (i Uoutvﬁout) (5.54)

The application of Egs. 5.50, 5.53, and 5.54 is demonstrated in Example 5.19. More
examples of the application of Eqgs. 5.50, 5.53, and 5.54 are included in Chapter 12.

An air fan has a bladed rotor of 12-in. outside diameter and 10-in. inside diameter as illus-
trated in Fig. ES.19a. The height of each rotor blade is constant at 1 in. from blade inlet to
outlet. The flowrate is steady, on a time-average basis, at 230 ft’/min, and the absolute velocity
of the air at blade inlet, V|, is radial. The blade discharge angle is 30° from the tangential
direction. If the rotor rotates at a constant speed of 1725 rpm, estimate the power required
to run the fan.

Dy=2r,=12in.

Dy =2 =10in.
Section (1)

Fixed control volume

Tshaft

Section (2)

(a)

B FIGURE E5.19

(D)

SoLution

We select a fixed and nondeforming control volume that includes the rotating blades and the
fluid within the blade row at an instant, as shown with a dashed line in Fig. E5.19a. The
flow within this control volume is cyclical, but steady in the mean. The only torque we con-
sider is the driving shaft torque, Ty,,;. This torque is provided by a motor. We assume that
the entering and leaving flows are each represented by uniformly distributed velocities and
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flow properties. Since shaft power is sought, Eq. 5.53 is appropriate. Application of Eq. 5.53
to the contents of the control volume in Fig. E5.19 gives

0 (V, is radial)
Wipate = (_ml)(iU o) + mz(i U,V,) e))
From Eq. 1 we see that to calculate fan power, we need mass flowrate, m, rotor exit blade
velocity, U,, and fluid tangential velocity at blade exit, V,,. The mass flowrate, m, is easily
obtained from Eq. 5.6 as
(2.38 X 10~ * slug/ft’)(230 ft*/min)

m = pQ = (60 s/min) = 0.00912 slug/s ?2)

The rotor exit blade speed, U,, is

B _ (6in.)(1725 rpm)(27 rad/rev)
U2 = ro = (12 in./ft)(60 s/min) =903 ft/s 3)

To determine the fluid tangential speed at the fan rotor exit, Vy,, we use Eq. 5.43 to get
V, =W, + 1, C))

The vector addition of Eq. 4 is shown in the form of a “velocity triangle” in Fig. E5.19b.
From Fig. E.5.19b, we can see that

ng = U2 - W2 COS 300 (5)

To solve Eq. 5 for V,, we need a value of W,, in addition to the value of U, already deter-
mined (Eq. 3). To get W,, we recognize that

W, sin 30° = Vi, (6)
where Vy, is the radial component of either W, or V,. Also, using Eq. 5.6, we obtain
m = pA; Vg, @)
or since
A, = 2mrh 8

where £ is the blade height, Eqs. 7 and 8 combine to form
}'h = p27T}"2hVR2 (9)
Taking Eqgs. 6 and 9 together we get
m
Wy=—""—""= 10
: p2mr,h sin 30° (10)

Substituting known values into Eq. 10, we obtain

0.00912 slugs/s)(12 in./ft)(12 in./ft
W, = ( - = )f : X , ,) =293 ft/s
(2.38 X 10 slugs/ft’)27r(6 in.)(1 in.) sin 30°

By using this value of W, in Eq. 5 we get
V92 = U2 - W2 cos 30°
90.3 ft/s — (29.3 ft/s)(0.866) = 64.9 ft/s

Equation 1 can now be used to obtain

W = U — (0.00912 slug/s)(90.3 ft/s)(64.9 ft/s)
shatt = MY 1 Glug - £/5%)/16][550 (£t - 10)/(hp - 5)]
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or

Wate = 0.0972 hp (Ans)

Note that the “+” was used with the U,V,, product because U, and V, are in the same
direction. This result, 0.0972 hp, is the power that needs to be delivered through the fan shaft
for the given conditions. Ideally, all of this power would go into the flowing air. However,
because of fluid friction, only some of this power will produce a useful effect (e.g., pressure
rise) in the air. How much useful effect depends on the efficiency of the energy transfer
between the fan blades and the fluid. This important aspect of energy transfer is covered in
Section 5.3.5.

\_

53 First Law of Thermodynamics—The Energy Equation

The energy equa-
tion is a statement
of the first law of
thermodynamics.

5.3.1 Derivation of the Energy Equation

The first law of thermodynamics for a system is, in words

time rate of net time rate of net time rate of
increase of the energy addition by  energy addition by
total stored energy = heat transfer into + work transfer into
of the system the system the system

In symbolic form, this statement is

D ) ) ) )
Et J epdV = (EQin - EQout> + (EWin - EWOM)
sys sys S

ys
or

% J epdV = (QPet + Wpet)Sys (5.55)
sys in in
Some of these variables deserve a brief explanation before proceeding further. The total stored
energy per unit mass for each particle in the system, e, is related to the internal energy per
unit mass, #, the kinetic energy per unit mass, V2/2, and the potential energy per unit mass,
gz, by the equation
2
e=ﬁ+7+gz (5.56)

The net rate of heat transfer into the system is denoted with Qnet > and the net rate of work
transfer into the system is labeled W, ;,. Heat transfer and work transfer are considered “+’
going into the system and “—” coming out.

Equation 5.55 is valid for inertial and noninertial reference systems. We proceed to
develop the control volume statement of the first law of thermodynamics. For the control
volume that is coincident with the system at an instant of time

(Qnet + Wnet)sys = (Qnet + Wnet)coincident (5'57)
in in in in control volume
Furthermore, for the system and the contents of the coincident control volume that is fixed
and nondeforming, the Reynolds transport theorem (Eq. 4.19 with the parameter b set equal
to e) allows us to conclude that

D 9
— Ay = — dv + V- fidA 5.58
Dt JSyS ep at JCV ep JCS ep " ( )
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The energy equa-
tion involves stored
energy, heat trans-
fer, and work.

or in words,
the time rate . . the net rate of flow
. the time rate of in-
of increase of the total stored energy
crease of the total stored
of the total = + out of the control

energy of the contents
stored energy of th%:ycontrol volume volume through the

of the system control surface

Combining Egs. 5.55, 5.57, and 5.58 we get the control volume formula for the first law of
thermodynamics:

J . .
& j ep dv + J €pV “hdA = (Qnet + Wnet)cv (5.59)

The total stored energy per unit mass, e, in Eq. 5.59 is for fluid particles entering, leaving,
and within the control volume. Further explanation of the heat transfer and work transfer
involved in this equation follows.

The heat transfer rate, Q, represents all of the ways in which energy is exchanged
between the control volume contents and surroundings because of a temperature difference.
Thus, radiation, conduction, and/or convection are possible. Heat transfer into the control
volume is considered positive, heat transfer out is negative. In many engineering applica-
tions, the process is adiabatic; the heat transfer rate 0, is zero. The net heat transfer rate,
O,etins can also be zero when P> On — 3 Ot =

The work transfer rate, W, also called power, is positive when work is done on the con-
tents of the control volume by the surroundings. Otherwise, it is considered negative. Work
can be transferred across the control surface in several ways. In the following paragraphs,
we consider some important forms of work transfer.

In many instances, work is transferred across the control surface by a moving shaft. In
rotary devices such as turbines, fans, and propellers, a rotating shaft transfers work across
that portion of the control surface that slices through the shaft. Even in reciprocating ma-
chines like positive displacement internal combustion engines and compressors that utilize
piston-in-cylinder arrangements, a rotating crankshaft is used. Since work is the dot product
of force and related displacement, rate of work (or power) is the dot product of force and re-
lated displacement per unit time. For a rotating shaft, the power transfer, Wy, is related to
the shaft torque that causes the rotation, Ty, and the angular velocity of the shaft, w, by
the relationship

Wshaft = Tshaftw

When the control surface cuts through the shaft material, the shaft torque is exerted by shaft
material at the control surface. To allow for consideration of problems involving more than
one shaft we use the notation

shaft - E Wshaft E Wshaft (5'60)

net in out

Work transfer can also occur at the control surface when a force associated with fluid
normal stress acts over a distance. Consider the simple pipe flow illustrated in Fig. 5.6 and
the control volume shown. For this situation, the fluid normal stress, o, is simply equal to
the negative of fluid pressure, p, in all directions; that is,

o= —p (5.61)

This relationship can be used with varying amounts of approximation for many engineering
problems (see Chapter 6).
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Section (1) Control volume  Section (2) Pipe
R /
J |
- I
|
\
\l

~ The power transfer associated with normal stresses acting on a single fluid particle,
OW ommal sresss €an be evaluated as the dot product of the normal stress force, OF mai siress; and
the fluid particle velocity, V, as

6anormal stress SFnormal stress v

max

B B FIGURE 5.6 Simple, fully
1-L .
(R) ] developed pipe flow.

If the normal stress force is expressed as the product of local normal stress, & = —p,
and fluid particle surface area, fi 64, the result is

8Wnormal stress ofidA -V = —pfl 6A -V = —pV ‘N1 A

For all fluid particles on the control surface of Fig. 5.6 at the instant considered, power trans-
fer due to fluid normal stress, W, mal siresss 1S

Woormal = J oV - fdA = j — pV - fidA (5.62)
stress (& (&

Note that the value of Wnormal sress TOr particles on the wetted inside surface of the pipe is
zero because V - 1 is zero there. Thus, W, .1 swess €an be nonzero only where fluid enters
and leaves the control volume. Although only a simple pipe flow was considered, Eq. 5.62
is quite general and the control volume used in this example can serve as a general model
for other cases.

Work transfer can also occur at the control surface because of tangential stress forces.
Rotating shaft work is transferred by tangential stresses in the shaft material. For a fluid par-
ticle, shear stress force power, OWgential stress» €an be evaluated as the dot product of tangen-
tial stress force, SF yngential sress» and the fluid particle velocity, V. That is,

6Vvtalngential stress 8Flangemial stress Vv

For the control volume of Fig. 5.6, the fluid particle velocity is zero everywhere on the wetted
inside surface of the pipe. Thus, no tangential stress work is transferred across that portion
of the control surface. Furthermore, where fluid crosses the control surface, the tangential
stress force is perpendicular to the fluid particle velocity and therefore tangential stress work
transfer is also zero there. In general, we select control volumes like the one of Fig. 5.6 and
consider fluid tangential stress power transfer to be negligibly small.

Using the information we have developed about power, we can express the first law of
thermodynamics for the contents of a control volume by combining Egs. 5.59, 5.60, and 5.62
to obtain

d . .
v J epdV + j epV - idA = Qe + Woare — J pV - hdA (5.63)
cv cs in net in cs

When the equation for total stored energy (Eq. 5.56) is considered with Eq. 5.63, we obtain
the energy equation:

F) V2 . .
azj epd¥V + J <ﬁ+z+2+gZ>pV'ﬁdA=Qnm+ Wihatt (5.64)
cv cs in net in




254 m Chapter 5 / Finite Control Volume Analysis

The energy equa-

tion can be simpli-
fied by using flow

through a stream-
tube.

5.3.2 Application of the Energy Equation

In Eq. 5.64, the term 0/t [ ep d¥ represents the time rate of change of the total stored
energy, e, of the contents of the control volume. This term is zero when the flow is steady.
This term is also zero in the mean when the flow is steady in the mean (cyclical).

In Eq. 5.64, the integrand of

V2
L(ﬁ-&—i-l—z-i—gz)pV-ﬁdA

can be nonzero only where fluid crosses the control surface (V - it # 0). Otherwise, V « fi
is zero and the integrand is zero for that portion of the control surface. If the properties within
parentheses, i, p/p, V?/2, and gz, are all assumed to be uniformly distributed over the flow
cross-sectional areas involved, the integration becomes simple and gives

g v = S (ee Do e )
i+t — + V- hdA = i+ —+

out

p VvV )
— u+—+-—+gz|m (5.65)
gﬂ( p 2 8

in

Furthermore, if there is only one stream entering and leaving the control volume, then

VZ
J<ﬁ+z+2+gz>pV-ﬁdA=

2 2
(ﬁ—l—p—l—v—l—gz) I’hom—(ﬁ—l—p—i-v-i-gz) iy (5.66)
p 2 out P 2 in
Uniform flow as described above will occur in an infinitesimally small diameter streamtube
as illustrated in Fig. 5.7. This kind of streamtube flow is representative of the steady flow of
a particle of fluid along a pathline. We can also idealize actual conditions by disregarding
nonuniformities in a finite cross section of flow. We call this one-dimensional flow and
although such uniform flow rarely occurs in reality, the simplicity achieved with the one-
dimensional approximation often justifies its use. More details about the effects of nonuni-
form distributions of velocities and other fluid flow variables are considered in Section 5.3.4
and in Chapters 8, 9, and 10.
If shaft work is involved, the flow must be unsteady, at least locally (see Refs. 1 and 2).
The flow in any fluid machine that involves shaft work is unsteady within that machine. For
example, the velocity and pressure at a fixed location near the rotating blades of a fan are
unsteady. However, upstream and downstream of the machine, the flow may be steady. Most
often shaft work is associated with flow that is unsteady in a recurring or cyclical way. On
a time-average basis for flow that is one-dimensional, cyclical, and involves only one stream

— Mgt

dA
Streamtube

m FIGURE 5.7
\4 Streamtube flow.
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of fluid entering and leaving the control volume, Eq. 5.64 can be simplified with the help of
Egs. 5.9 and 5.66 to form

, Veu — Vi . .
m|:ﬁout - ﬁin + <p> - (p> + l + g(Zout - Zin) = Qnet + Wshaft (5'67)
p out P /in 2 in net in

We call Eq. 5.67 the one-dimensional energy equation for steady-in-the-mean flow. Note that
Eq. 5.67 is valid for incompressible and compressible flows. Often, the fluid property called
enthalpy, h, where

PP (5.68)
P

is used in Eq. 5.67. With enthalpy, the one-dimensional energy equation for steady-in-the-
mean flow (Eq. 5.67) is

Vouw — Vi

. > > out in b r

m houl - hin + 2 + g(zout - Zin) = Qpet + Wshaft (5.69)
in

net in

Equation 5.69 is often used for solving compressible flow problems. Examples 5.20 and 5.21
illustrate how Eqgs. 5.67 and 5.69 can be used.

A pump delivers water at a steady rate of 300 gal/min as shown in Fig. E5.20. Just upstream
of the pump [section (1)] where the pipe diameter is 3.5 in., the pressure is 18 psi. Just down-
stream of the pump [section (2)] where the pipe diameter is 1 in., the pressure is 60 psi. The
change in water elevation across the pump is zero. The rise in internal energy of water,
i, — 1y, associated with a temperature rise across the pump is 3000 ft - 1b/slug. If the pump-
ing process is considered to be adiabatic, determine the power (hp) required by the pump.

SoLution

We include in our control volume the water contained in the pump between its entrance and
exit sections. Application of Eq. 5.67 to the contents of this control volume on a time-average
basis yields

0 (no elevation change)

. Vi — Vi
doan()-0) 5
2 1

0 (adiabatic flow)

:%net + Wshaft (1)
in net in

We can solve directly for the power required by the pump, W s netin» from Eq. 1, after we
first determine the mass flowrate, m, the speed of flow into the pump, V,, and the speed of
the flow out of the pump, V,. All other quantities in Eq. 1 are given in the problem statement.
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Control volume

0=
300 gal/min.

Section (2)

Section (1) P, =60 psi

py =18 psi
i, — 11, = 3000 ft-Ib/slug B FIGURE E5.20

From Eq. 5.6, we get

. (1.94slugs/f’)(300 gal/min)
m=pQ = (7.48 gal/ft’)(60 s/min) 130 slugs/s @

Also from Eq. 5.6,

N
Y= wD*/4
SO
0 (300 gal/min)4 (12 in./ft)?
Vi= A, (748 gal/ft*)(60 s/min)m(3.5in.)? 10.01/s )
and
300 gal/min)4 (12 in./ft)*
v, 0 _ (300 gal/minjt (12 in./f S = 123 ft/s @)

T A, (7.48 gal/fe)(60 s/min)ar(1 in.)

Substituting the values of Egs. 2, 3, and 4 and values from the problem statement into Eq. 1
we obtain

W = (1.30 slugs/s)| (3000 ft - Ib/slug) + (60 psi)(144 in /i)
shaft A SUgs/S Sg (1.94 slugs/ft?)
(18 psi)(144 in /%) (123 ft/s)* — (10.0 ft/s)*
(1.94 slugs/ft?) 2[1 (slug - ft)/(1b - s%)]
1
=322hp (Ans)

X

[550(ft - 1b/s)/hp]
Of the total 32.2 hp, internal energy change accounts for 7.09 hp, the pressure rise accounts
for 7.37 hp, and the kinetic energy increase accounts for 17.8 hp.

\.

Steam enters a turbine with a velocity of 30 m/s and enthalpy, le, of 3348 kJ/kg (see
Fig. E5.21). The steam leaves the turbine as a mixture of vapor and liquid having a velocity
of 60 m/s and an enthalpy of 2550 kJ/kg. If the flow through the turbine is adiabatic and
changes in elevation are negligible, determine the work output involved per unit mass of
steam through-flow.
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Control volume

Section (1)

Vv, =30m/s

hy = 3348 kJ/kg Wenatt = 7 Section (2)
V, =60 m/s

i, = 2550 kl/kg B FIGURE E5.21

SoLution

We use a control volume that includes the steam in the turbine from the entrance to the exit
as shown in Fig. E5.21. Applying Eq. 5.69 to the steam in this control volume we get

0 (elevation change is negligible)
0 (adiabatic flow)

J. . vi—-wvi . )
m|hy — hy + > + 8(z/~ 21) | = Qhet T Wanate D
in net in
The work output per unit mass of steam through-flow, wg,, can be obtained by dividing
net in

Eq. 1 by the mass flow rate, m, to obtain

Wshi‘f»‘ . Vi-W
Wehaft = = hy — hy + T (2)
net in
Since Wihaftnetout — — Wshaft netin» W€ obtain
M
Wehatt = i — Iy + T
net out
or
30 m/s)> — (60 m/s)*|[1J/(N-m
Weaare = 3348 kJ/kg — 2550 kJ/kg + It ) ( 2) JLLIA )]
net out 2[1 (kgm)/(Ns )](1000 J/kJ)
Thus
Waart = 3348 kI/kg — 2550 kJ/kg — 1.35 kl/kg = 797 kJ/kg (Ans)

net out

Note that in this particular example, the change in kinetic energy is small in comparison to
the difference in enthalpy involved. This is often true in applications involving steam tur-
bines. To determine the power output, W, we must know the mass flowrate, .

\.

If the flow is steady throughout, one-dimensional, and only one fluid stream is involved, then
the shaft work is zero and the energy equation is

. (P p Vou = Vin :
m|:u0ut - Uy + <p)0m - (P)m + [# + g(Zout - Zin) = Q?net (5'70)
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We call Eq. 5.70 the one-dimensional, steady flow energy equation. This equation is valid
for incompressible and compressible flows. For compressible flows, enthalpy is most often
used in the one-dimensional, steady flow energy equation and, thus, we have

> v V(%ut - V12n

m| hy,, — h, + —— + g(zout - Zin) = Qnet

5.71
in > (.71

out

An example of the application of Eq. 5.70 follows.

A 500-ft waterfall involves steady flow from one large body of water to another. Determine
the temperature change associated with this flow.

SoLurion

To solve this problem we consider a control volume consisting of a small cross sectional
streamtube from the nearly motionless surface of the upper body of water to the nearly mo-
tionless surface of the lower body of water as is sketched in Fig. ES.22. We need to deter-
mine 7, — T,. This temperature change is related to the change of internal energy of the
water, i, — 1, by the relationship

’ZZ_IZI

. 1

C

TZ_TIZ

where ¢ = 1 Btu/(Ibm - °R) is the specific heat of water. The application of Eq. 5.70 to the
contents of this control volume leads to

: Vi-Vi :
m{ﬁz iy + (‘;) - (’;) R m)} = 0, @
2 1 in

We assume that the flow is adiabatic. Thus Q.net i = 0. Also,

()= G) .

Section (1)
4

Control
volume

AN

I
I
I
} 500 ft
} Section (2)
I
[

B FIGURE E5.22



With certain as-
sumptions, the en-
ergy equation and
the Bernoulli equa-
tion are similar.
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because the flow is incompressible and atmospheric pressure prevails at sections (1) and (2).
Furthermore,

V1:V2:0 (4)

because the surface of each large body of water is considered motionless. Thus, Egs. 1 through
4 combine to yield

gz — 2)

v

T2_T1:

or

T (32.2 ft/s%)(500 ft) _ 0643°R (Ans)
> 7' [1Btu/(Ibm - °R)][32.2 (Ibm - ft)/(Ib - s?)](778 ft - Ib/B)

Note that it takes a considerable change of potential energy to produce even a small increase
in temperature.

.

A form of the energy equation that is most often used to solve incompressible flow
problems is developed in the next section.

533 Comparison of the Energy Equation
with the Bernoulli Equation

When the one-dimensional energy equation for steady-in-the-mean flow, Eq. 5.67, is applied
to a flow that is steady, Eq. 5.67 becomes the one-dimensional, steady-flow energy equation,
Eq. 5.70. The only difference between Eq. 5.67 and Eq. 5.70 is that shaft power, W at net ins
is zero if the flow is steady throughout the control volume (fluid machines involve locally
unsteady flow). If in addition to being steady, the flow is incompressible, we get from Eq. 5.70

Pout _ & + Vgut B V12n

’h ﬁout - 'Zin + + g(zout - Zin) = Qnet (5'72)
P 2 in
Dividing Eq. 5.72 by the mass flowrate, m, and rearranging terms we obtain
Pou Vgu Pin V12n - v
pl + ) : + 8Zouw = ? + ) + 8z, — (uout = Uin T q?net) (5.73)
where
_ Qnet in
Gnet = .
in m

is the heat transfer rate per mass flowrate, or heat transfer per unit mass. Note that Eq. 5.73
involves energy per unit mass and is applicable to one-dimensional flow of a single stream
of fluid between two sections or flow along a streamline between two sections.

If the steady, incompressible flow we are considering also involves negligible viscous
effects (frictionless flow), then the Bernoulli equation, Eq. 3.7, can be used to describe what
happens between two sections in the flow as

PVeu pVi
Pout + 20l + YZout = Pin + 2 :

+ YZin (5.74)
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A loss of useful en-
ergy occurs because
of friction.
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where y = pg is the specific weight of the fluid. To get Eq. 5.74 in terms of energy per unit
mass, so that it can be compared directly with Eq. 5.73, we divide Eq. 5.74 by density, p,
and obtain

2 2
Pout Vout Di Vi
oy Von g =By Vi

+ 8% (5.75)

A comparison of Egs. 5.73 and 5.75 prompts us to conclude that
ﬁout = Uiy, — et = 0 (5.76)

when the steady incompressible flow is frictionless. For steady incompressible flow with fric-
tion, we learn from experience that

aout - ﬁin - qpet >0 (5-77)

In Eqgs. 5.73 and 5.75, we can consider the combination of variables
2

p

—+ — + gz

p 2 §
as equal to useful or available energy. Thus, from inspection of Eqgs. 5.73 and 5.75, we can
conclude that i, — i, — Gnein represents the /oss of useful or available energy that occurs
in an incompressible fluid flow because of friction. In equation form we have

Uouw = Uin = Gner = 0SS (5.78)

For a frictionless flow, Eqgs. 5.73 and 5.75 tell us that loss equals zero.
It is often convenient to express Eq. 5.73 in terms of loss as

v2 w Vi
p ;‘“ + 72‘““ + 8Zow = % + 7“ + gz, — loss (5.79)

An example of the application of Eq. 5.79 follows.

Compare the volume flowrates associated with two different vent configurations, a cylindrical
hole in the wall having a diameter of 120 mm and the same diameter cylindrical hole in the
wall but with a well-rounded entrance (see Fig. E5.23). The room pressure is held constant at
1.0 kPa above atmospheric pressure. Both vents exhaust into the atmosphere. As discussed in
Section 8.4.2, the loss in available energy associated with flow through the cylindrical vent
from the room to the vent exit is 0.5V3/2 where V, is the uniformly distributed exit velocity
of air. The loss in available energy associated with flow through the rounded entrance vent from
the room to the vent exit is 0.05V3/2, where V, is the uniformly distributed exit velocity of air.

SoLution

We use the control volume for each vent sketched in Fig. ES.23. What is sought is the flowrate,
0 = A,V,, where A, is the vent exit cross-sectional area, and V, is the uniformly distributed
exit velocity. For both vents, application of Eq. 5.79 leads to

0 (no elevation change)

2
P2 V3 5/5/ P1 1
—+ =+ g=—+ +§>/é—loss
o ) 2 P ) 171 2

0(Vy=0) 1
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|
Control |

vqume\ﬁ‘
|

VZ
—> D,=120mm | ==

=™ Section (2)
both vents is

in the room and

7
Section (1) for }
|
|
involves V; = 0 l

p1=1.0kPa
Va
| ——
L\Section (2)
/
Control |
volume ™

B FIGURE E5.23

where loss, is the loss between sections (1) and (2). Solving Eq. 1 for V, we get
o 5] ]

2
loss, = K, —
1 2 L2

Since

2

3)

where K is the loss coefficient (K, = 0.5 and 0.05 for the two vent configurations involved),

we can combine Egs. 2 and 3 to get

o

Solving Eq. 4 for V, we obtain

Pr — P2

=N+ k)2

Therefore, for flowrate, Q, we obtain

_ _wD; PL— D2
Q= AV = N+ k2]

For the rounded entrance cylindrical vent, Eq. 6 gives

(120 mm)’ \/ (1.0 kPa)(1000 Pa/kPa)[ 1(N/m?)/(Pa)]
~ 4(1000 mm/m)* \ (

or

0 = 0.445 m*/s

1.23 kg/m*)[(1 + 0.05)/2][1(N - s*)/(kg - m)]

C))

)

(6)

(Ans)
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The mechanical
energy equation
can be written in
terms of energy per
unit mass.

V5.7 Energy
transfer
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For the cylindrical vent, Eq. 6 gives us

(120 mm)? \/ (1.0 kPa)(1000 Pa/kPa)[ 1(N/m?)/(Pa)]
4(1000 mm/m)* V (1.23 kg/m?)[(1 + 0.5)/2][1(N - s*)/(kg - m)]

or
0 =0.372 m3/s (Ans)

Note that the rounded entrance vent passes more air than the cylindrical vent because the
loss associated with the rounded entrance vent is less than with the cylindrical vent.

\_

An important group of fluid mechanics problems involves one-dimensional, incom-
pressible, steady-in-the-mean flow with friction and shaft work. Included in this category are
constant density flows through pumps, blowers, fans, and turbines. For this kind of flow,
Eq. 5.67 becomes

|ty — 1 p P Py Vou = Vi

out mn

+ g(Zout - Zin) = Q'pet + Wshaft (5.80)

P 2 net in
Dividing Eq. 5.80 by mass flowrate and using the work per unit mass, wy,,; = Wshaﬁ /m, we
Obtain net in net in
2 2
Pout Vo t Pin Vi v v
— + 2 + 8Zout = — + - + 8%in + Wshaft — (uout — U T qpet) (5'81)
m

P 2 P 2 net in

If the flow is steady throughout, Eq. 5.81 becomes identical to Eq. 5.73, and the previous
observation that ti,, — i, — ¢nein €quals the loss of available energy is valid. Thus, we con-
clude that Eq. 5.81 can be expressed as

Vzu in V2
Dout 4 Lout 2o = Pin 4 L
P 2 P

+ 2Zin T Wehare — lOSS (5.82)

2 net in

This is a form of the energy equation for steady-in-the-mean flow that is often used for
incompressible flow problems. It is sometimes called the mechanical energy equation or
the extended Bernoulli equation. Note that Eq. 5.82 involves energy per unit mass
(ft - Ib/slug = ft*/s* or N - m = m?/s?).

According to Eq. 5.82, when the shaft work is into the control volume, as for exam-
ple with a pump, a larger amount of loss will result in more shaft work being required for
the same rise in available energy. Similarly, when the shaft work is out of the control vol-
ume (e.g., a turbine), a larger loss will result in less shaft work out for the same drop in avail-
able energy. Designers spend a great deal of effort on minimizing losses in fluid flow com-
ponents. The following examples demonstrate why losses should be kept as small as possible
in fluid systems.

An axial-flow ventilating fan driven by a motor that delivers 0.4 kW of power to the fan
blades produces a 0.6-m-diameter axial stream of air having a speed of 12 m/s. The flow
upstream of the fan involves negligible speed. Determine how much of the work to the air
actually produces a useful effect, that is, a rise in available energy and estimate the fluid
mechanical efficiency of this fan.
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Section (1)

A

\\

V=0 \ Stream surface

\‘ \< Control vol Section (2)
| ontrol volume

I .

|

N \

L D, = ‘V2:12m/s

motor [J; 0.6 m

|

/
//
/
‘ B FIGURE E5.24

SoLution

We select a fixed and nondeforming control volume as is illustrated in Fig. E5.24. The ap-
plication of Eq. 5.82 to the contents of this control volume leads to

0 (atmospheric pressures cancel) 0(V,=0)

Wit loss— /4/ /é ;ﬁ }Z 7{1 ()

(no elevation change)

where Wy netin — 10ss is the amount of work added to the air that produces a useful effect.
Equation 1 leads to
1 Vs (12 m/s) 72.0 N - m/k (2) (Ans)
Wepatt — l0SS = — = = 72. - m, ns
o 2 2f1(kg - m)/(N )] ¢
A reasonable estimate of efficiency, n, would be the ratio of amount of work that produces
a useful effect, Eq. 2, to the amount of work delivered to the fan blades. That is,

Wehaft — loss

net in
n=— 3
Wihaft
net in

To calculate the efficiency we need a value of Wy,,g neiin Which is related to the power deliv-
ered to the blades, W netin- We note that

Wshat:l
Wepatt = 5 @)
net in m
where the mass flowrate, m, is (from Eq. 5.6)
. 7D;
mZpAVZpTvz )]

For fluid density, p, we use 1.23 kg/m® (standard air), and thus from Egs. 4 and 5 we obtain
Wshafl

net in

- ~ (04KW)[1000 (N - m)/(s - kW)]
Wahatt =T e DA, (123 ke/mY)[()(0.6 m)>/4](12 m/s)
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V5.8 Water plant
aerator

The energy equa-
tion written in
terms of energy
per unit weight
involves heads.

or
Wenart = 95.8 N - m/kg 6)
net in
From Egs. 2, 3, and 6 we obtain
_ 72.0 N - m/kg — 0752 (Ans)
77 958N -m/kg e

Note that only 75% of the power that was delivered to the air resulted in a useful effect, and
thus 25% of the shaft power is lost to air friction.

.

If Eq. 5.82, which involves energy per unit mass, is multiplied by fluid density, p, we
obtain

PVau pVin
+ YZout = Pin + + YZin + PWshatt — p(lOSS) (5’83)

2 net in

Do +

where vy = pg is the specific weight of the fluid. Equation 5.83 involves energy per unit
volume and the units involved are identical with those used for pressure (ft - Ib/ft? = Ib/ft?
or N-m/m’ = N/m?).

If Eq. 5.82 is divided by the acceleration of gravity, g, we get

oul Vgu in V12n
py‘ F ot ’)7 2ot t (5.84)

where

Wshafl Wshaft
hs = Wshaft net in/g = -nie[m == (5-85)

mg yQ
and h; = loss/g. Equation 5.84 involves energy per unit weight (ft-1b/lb = ft or
N-m/N = m). In Section 3.7, we introduced the notion of “head,” which is energy per unit
weight. Units of length (e.g., ft, m) are used to quantify the amount of head involved. If a
turbine is in the control volume, the notation h, = —h; (with 2y > 0) is sometimes used,
particularly in the field of hydraulics. For a pump in the control volume, i, = hp. The quan-
tity hy is termed the turbine head and hp is the pump head. The loss term, h; is often referred

to as head loss. The turbine head is often written as

hy = _(hs + hL)T

where the subscript 7 refers to the turbine component of the contents of the control volume
only. The quantity A, is the actual head drop across the turbine and is the sum of the shaft
work head out of the turbine and the head loss within the turbine. When a pump is in the
control volume,

hp = (hy = hy)p

is often used where A, is the actual head rise across the pump and is equal to the difference
between the shaft work head into the pump and the head loss within the pump. Notice that
the A, used for the turbine and the pump is the head loss within that component only. When
h, is used in Eq. 5.84, h; involves all losses including those within the turbine or compressor.
When A or hp is used for A, then 4; includes all losses except those associated with the tur-
bine or pump flows.
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The pump shown in Fig. E5.25 adds 10 horsepower to the water as it pumps 2 ft*/s from the
lower lake to the upper lake. The elevation difference between the lake surfaces is 30 ft. De-
termine the head loss and power loss associated with this flow.

Section (A)

30 ft

Section (B)
\

B FIGURE E5.25

SoLution

The energy equation (Eq. 5.84) for this flow is

pa Vi s Vi
At Ly =22+ L +h—h 1
y 2g A ,y 2g B L

where points A and B (corresponding to “out” and “in” in Eq. 5.84) are located on the lake
surfaces. Thus, py, = pgy = 0 and V, = V; = 0 so that Eq. 1 becomes

hy = hg + 25 = 24 (2
where zz = 0 and z, = 30 ft. The pump head is obtained from Eq. 5.85 as

hy = Wenattnetin/ Y Q
= (10 hp)(550 ft - Ib/s/hp)/(62.4 1b/ft)(2 ft*/s)
=441 ft
Hence, from Eq. 2,
hy = 44.1 ft — 30 ft = 14.1 ft (Ans)

Note that in this example the purpose of the pump is to lift the water (a 30-ft head) and
overcome the head loss (a 14.1 ft head); it does not, overall, alter the water’s pressure or
velocity.

The power lost due to friction can be obtained from Eq. 5.85 as

Wi = ¥ Qhy = (62.4 Ib/f6)(2 £t/s)(14.1 ft)
1760 ft - 1b/s (1 hp/550 ft - 1b/s)
= 3.20 hp (Ans)

The remaining 10 hp — 3.20 hp = 6.80 hp that the pump adds to the water is used to lift the
water from the lower to the upper lake. This energy is not “lost,” but it is stored as potential
energy.

\
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The kinetic energy
coefficient is used
to account for non-
uniform flows.

A comparison of the energy equation and the Bernoulli equation has led to the concept
of loss of available energy in incompressible fluid flows with friction. In Chapter 8, we dis-
cuss in detail some methods for estimating loss in incompressible flows with friction. In Sec-
tion 5.4 and Chapter 11, we demonstrate that loss of available energy is also an important
factor to consider in compressible flows with friction.

534 Application of the Energy Equation to Nonuniform Flows

The forms of the energy equation discussed in Sections 5.3.2 and 5.3.3 are applicable to one-
dimensional flows, flows that are approximated with uniform velocity distributions where
fluid crosses the control surface.

If the velocity profile at any section where flow crosses the control surface is not
uniform, inspection of the energy equation for a control volume, Eq. 5.64, suggests that the
integral

V2
J TpV'fldA

will require special attention. The other terms of Eq. 5.64 can be accounted for as already
discussed in Sections 5.3.2 and 5.3.3.

For one stream of fluid entering and leaving the control volume, we can define the
relationship

12 \ R A dA = m(aoutV§ut _ ainvizn)
27 2 2

where « is the kinetic energy coefficient and V is the average velocity defined earlier in
Eq. 5.7. From the above we can conclude that

maV? J V2
= | —pV-0dA
2 L2

for flow through surface area A of the control surface. Thus,

J (V2/2)pV - i dA
A

a= T (5.86)

It can be shown that for any velocity profile, « = 1, with « = 1 only for uniform flow. For
nonuniform velocity profiles, the energy equation on an energy per unit mass basis for the
incompressible flow of one stream of fluid through a control volume that is steady in the
mean is

Pout aouthut Pin ainvizn
4 4 gr = "+ gZin + Wy — loss 5.87
p 2 $on = p 2 8 netn 587

On an energy per unit volume basis we have

/2 172
Py Vou painvin
8 : + YZout = Pin + + YZin + PWshatt — p(lOSS) (5’88)

2 net in

DPou T



E xavpLE
5.26

5.3 First Law of Thermodynamics—The Energy Equation M 267

and on an energy per unit weight or head basis we have

172 Wihaft

pout+M+ZOUt:@+%+zin+ﬂ—hL (5.89)

Y 2g b 2g

The following examples illustrate the use of the kinetic energy coefficient.

The small fan shown in Fig. E5.26 moves air at a mass flowrate of 0.1 kg/min. Upstream
of the fan, the pipe diameter is 60 mm, the flow is laminar, the velocity distribution is par-
abolic, and the kinetic energy coefficient, ;, is equal to 2.0. Downstream of the fan, the pipe
diameter is 30 mm, the flow is turbulent, the velocity profile is quite uniform, and the kinetic
energy coefficient, «,, is equal to 1.08. If the rise in static pressure across the fan is 0.1 kPa
and the fan motor draws 0.14 W, compare the value of loss calculated: (a) assuming uniform
velocity distributions, (b) considering actual velocity distributions.

D, =30 mm
¢ 77777777777
Turbulent
flow
Section (2)
o,=1.08
Control volume
D; =60 mm — B
Section (1)
o, =20
Laminar flow
m = 0.1 kg/min B FIGURE E5.26
SoLution

Application of Eq. 5.87 to the contents of the control volume shown in Fig. E5.26 leads to

0 (change in gz is negligible)

P2 azf/% Pi 011‘7%
p+2+$/2:p+ 2 + 1 _IOSS+Wshaﬁ (1)

net in

or solving Eq. 1 for loss we get

10SS = Wyt —
net in

- a Vi a,V3

<P2 p 1) I LA @)
p 2 2

To proceed further, we need values of W, eins Vi and V,. These quantities can be obtained

as follows. For shaft work
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power to fan motor

Wehatt =
net in m

or
(014 W)[(1 N - m/s)/W]

Wttt 0.1 kg/min

(60 s/min)[ 1 (kg - m)/(N-s?)] = 84.0N-m/kg (3)

For the average velocity at section (1), V,, from Eq. 5.11 we obtain

- m

o
m
- = C))
p(mDi/4)
B (0.1 kg/min)
© (1.23 kg/m®)[7(60 mm)*/4][ (60 s/min)/(1000 mm/m)?]
= 0.479 m/s
For the average velocity at section (2), V,
— (0.1 kg/min)
V, = =1.92 5
27 (1.23 kg/m*)[#(30 mm)?/4][(60 s/min)/(1000 mm/m)’] m/s ®)
(a) For the assumed uniform velocity profiles (o, = @, = 1.0), Eq. 2 yields
p—pm\, Vi V3
T G ©

Using Eqgs. 3, 4, and 5 and the pressure rise given in the problem statement, Eq. 6 gives
N-m  (0.1kPa)(1000 Pa/kPa)(1 N/m?/Pa)
kg 1.23 kg/rn3
(0.479 m/s) (1.92 m/s)?

2[1 (kg-m)/(N-s?)]  2[1 (kg m)/(N-s?)]

loss = 84.0

or
loss = 84.0 N-m/kg — 81.3 N-m/kg + 0.115N - m/kg — 1.84 N - m/kg

= 0.975 N - m/kg (Ans)
(b) For the actual velocity profiles (o, = 2, a, = 1.08), Eq. 1 gives
p—p Vi v

loss=wi,;?fitn—( 2 P 1>+a121—a222 )

If we use Eqgs. 3, 4, and 5 and the given pressure rise, Eq. 7 yields

(0.1 kPa)(1000 Pa/kPa)(1 N/m?*/Pa)
1.23 kg/m’*

2(0.479 m/s)* 1.08(1.92 m/s)?

2[1 (kg-m)/(N-s?)]  2[1 (kg m)/(N-s%)]

loss = 84 N - m/kg —

or
loss = 84.0N-m/kg — 81.3 N-m/kg + 0.230 N - m/kg — 1.99 N - m/kg
= 0.940 N - m/kg (Ans)
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The difference in loss calculated assuming uniform velocity profiles and actual
velocity profiles is not large compared to Wgp,q nerin fOI this fluid flow situation.

Apply Eq. 5.87 to the flow situation of Example 5.14 and develop an expression for the fluid
pressure drop that occurs between sections (1) and (2). By comparing the equation for pres-
sure drop obtained presently with the result of Example 5.14, obtain an expression for loss
between sections (1) and (2).

SoLution

Application of Eq. 5.87 to the flow of Example 5.14 (see Fig. E5.14) leads to
0 (no shaft work)

5 —
aw aw
pr + % + 82 = % + 12 : + 821 — loss + shaft (1)

P net in

Solving Eq. 1 for the pressure drop, p, — p,, we obtain
aws  awi

2 2

Pr—=pP2=0p { +elze—z)+ IOSS} ()

Since the fluid velocity at section (1), wy, is uniformly distributed over cross-sectional area
A, the corresponding kinetic energy coefficient, «;, is equal to 1.0. The kinetic energy co-
efficient at section (2), a,, needs to be determined from the velocity profile distribution given
in Example 5.4. Using Eq. 5.86 we get

J pw3 dA,
Ay

0 =———> 3
mwa

Substituting the parabolic velocity profile equation into Eq. 3 we obtain

p JR w,Y’[1 = (¢/R)*] 2arr dr

o, = E—
(pAw,)w3

From conservation of mass, since A, = A,
wy = w, )

Then, substituting Eq. 4 into Eq. 3, we obtain

R
p8W§27TJ’ [1 = (7/R)?)rdr
0

Oy = —
pTR*W3

or
16

R
@ = | 11 = 30/RY + 307R)" = (/RY)rar =2 B
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Now we combine Eqgs. 2 and 5 to get

20w Low?

2 2

However, from conservation of mass w, = w, = w so that Eq. 6 becomes

Pr—DPr=p + 8(z0 — 1) + loss (6)

WZ

p
pr=p= ot pg(z> — z1) + p(loss) (7)

The term associated with change in elevation, pg(z, — z;), is equal to the weight per unit
cross-sectional area, W'/A, of the water contained between sections (1) and (2) at any instant,

w
_ = 8
P8z = z) = - ®)
Thus, combining Eqs. 7 and 8 we get
—2
pw W
I + 0 + p(loss) 9

The pressure drop between sections (1) and (2) is due to:

1. The change in kinetic energy between sections (1) and (2) associated with going from
a uniform velocity profile to a parabolic velocity profile.

2. The weight of the water column, that is, hydrostatic pressure effect.
3. Viscous loss.

Comparing Eq. 9 for pressure drop with the one obtained in Example 5.14 (i.e., the an-
swer of Example 5.14) we obtain

—) —)
pw W pow R, W
4+ — 4 p(loss) = —— + — + — 10
o oy elloss) =Ty (10)
or
R, w?
loss = — — — (Ans)
PA 6

We conclude that while some of the pipe wall friction force, R, resulted in loss of available
energy, a portion of this friction, pAw %/6, led to the velocity profile change.

535 Combination of the Energy Equation
and the Moment-of-Momentum Equation*
If Eq. 5.82 is used for one-dimensional incompressible flow through a turbomachine, we can

use Eq. 5.54, developed in Section 5.2.4 from the moment-of-momentum equation (Eq. 5.42),
to evaluate shaft work. This application of both Eqgs. 5.54 and 5.82 allows us to ascertain the

“This section may be omitted without loss of continuity in the text material. This section should not be considered without prior
study of Sections 5.2.3 and 5.2.4. All of these sections are recommended for those interested in Chapter 12.
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amount of loss that occurs in incompressible turbomachine flows as is demonstrated in
Example 5.28.

For the fan of Example 5.19, show that only some of the shaft power into the air is con-
verted into a useful effect. Develop a meaningful efficiency equation and a practical means
for estimating lost shaft energy.

SoLution

We use the same control volume used in Example 5.19. Application of Eq. 5.82 to the con-
tents of this control volume yields

V3 V?
%+f2+gz2=%+71+gzl+wshaﬁ — loss (€))]

2 net in
As in Example 5.26, we can see with Eq. 1 that a “useful effect” in this fan can be defined
as

_ _ (P2 V3 n Wi
useful effect = wy,,, — loss = N + > + g2 | — n + EY +gz] (2 (Ans)

net in

In other words, only a portion of the shaft work delivered to the air by the fan blades is used
to increase the available energy of the air; the rest is lost because of fluid friction.

A meaningful efficiency equation would involve the ratio of shaft work converted into
a useful effect (Eq. 2) to shaft work into the air, Wy nerin- Thus, we can express efficiency,
n, as

Wihaft
netin loss

= 3)
K Wihaft
net in
However, when Eq. 5.54, which was developed from the moment-of-momentum equation
(Eq. 5.42), is applied to the contents of the control volume of Fig. E5.19, we obtain
Winate = T UsVip C))

net in

Combining Egs. 2, 3, and 4, we obtain

2 _ 2
= L) T (VD) ¥ gn) ~ (o) H /D) F o] (o O
U2VH2

Equation 5 provides us with a practical means to evaluate the efficiency of the fan of Example
5.19.
Combining Egs. 2 and 4, we obtain

p V2 p V2
loss = U,V,, — [(pz + 72 + gz2> —~ (pl + 71 + gz, (6) (Ans)

Equation 6 provides us with a useful method of evaluating the loss due to fluid friction in
the fan of Example 5.19 in terms of fluid mechanical variables that can be measured.

\.
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54 Second Law of Thermodynamics—Irreversible Flow’

The second law of
thermodynamics
Jformalizes the no-
tion of loss.

The second law of thermodynamics affords us with a means to formalize the inequality
ﬁZ - ﬁl T et = 0 (5.90)
in
for steady, incompressible, one-dimensional flow with friction (see Eq. 5.73). In this section
we continue to develop the notion of loss of useful or available energy for flow with fric-
tion. Minimization of loss of available energy in any flow situation is of obvious engineer-
ing importance.

54.1 Semi-infinitesimal Control Volume Statement
of the Energy Equation

If we apply the one-dimensional, steady flow energy equation, Eq. 5.70, to the contents of
a control volume that is infinitesimally thin as illustrated in Fig 5.8, the result is

2
m{da + d(’;) + d(‘i) +g (dz)} = 50, (5.91)

For all pure substances including common engineering working fluids, such as air, water, oil,
and gasoline, the following relationship is valid (see, for example, Ref. 3).
1
Tds = diu + pd (p) (5.92)

where T is the absolute temperature and s is the entropy per unit mass.
Combining Eqs. 5.91 and 5.92 we get

) 1 P Vz) } :
Tds —pd{—|+d|=)+d|l—)+ =
m{ ds pd(p) d(p) d( 2 gdz BQ?:t

or, dividing through by  and letting 8¢, = 8Q,.,//, We obtain

d v?
?p + d(z) + gds = —(Tds — 8Gye) (5.93)
z Semi-infinitesimal

control volume

B FIGURE 5.8 Semi-
infinitesimal control volume.

Flow

>This entire section may be omitted without loss of continuity in the text material.
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5.4.2 Semi-infinitesimal Control Volume Statement
of the Second Law of Thermodynamics

A general statement of the second law of thermodynamics is

D 6Q‘?§‘>
= dV = 5.94
Dt szs P E ( T sys ( )

or in words,

the time rate of increase of the ~ sum of the ratio of net heat

entropy of a system = transfer rate into system to
absolute temperature for each
particle of mass in the system
receiving heat from
surroundings

The right-hand side of Eq. 5.94 is identical for the system and control volume at the instant
when system and control volume are coincident; thus,

g 503
(%), - =(F) 599
sys cv

With the help of the Reynolds transport theorem (Eq. 4.19) the system time derivative can
be expressed for the contents of the coincident control volume that is fixed and nondeform-
ing. Using Eq. 4.19, we obtain

D d
—_— dv = — dv + V - idA 5.96
Dt Lys P at va P Jcs P " ( )

For a fixed, nondeforming control volume, Egs. 5.94, 5.95, and 5.96 combine to give

P 8Q et
P J spd¥ + J spV - fidA = D Tm (5.97)

At any instant for steady flow

9
— d¥ =0 5.98
o J sp (5.98)

If the flow consists of only one stream through the control volume and if the properties are
uniformly distributed (one-dimensional flow), Egs. 5.97 and 5.98 lead to

80rei
r.n(sout - sin) = 2 T‘" (5.99)
For the infinitesimally thin control volume of Fig. 5.8, Eq. 5.99 yields
80
mds = E T‘“ (5.100)

If all of the fluid in the infinitesimally thin control volume is considered as being at a uni-
form temperature, 7, then from Eq. 5.100 we get

T ds = 8¢y
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The irreversible
flow loss is zero for
[frictionless flow.

or

Tds — 8qpe =0 (5.101)

The equality is for any reversible (frictionless) process; the inequality is for all irreversible
(friction) processes.

543 Combination of the Equations of the First and Second
Laws of Thermodynamics

Combining Eqgs. 5.93 and 5.101, we conclude that

d 2
—[;’ + d(‘;) + gdz} =0 (5.102)

The equality is for any steady, reversible (frictionless) flow, an important example being flow
for which the Bernoulli equation (Eq. 3.7) is applicable. The inequality is for all steady,
irreversible (friction) flows. The actual amount of the inequality has physical significance. Tt
represents the extent of loss of useful or available energy which occurs because of irreversible
flow phenomena including viscous effects. Thus, Eq. 5.102 can be expressed as

dp

2
_{p + d(g) +g dz} = 8(loss) = (T'ds — 3‘1@1) (5.103)

The irreversible flow loss is zero for a frictionless flow and greater than zero for a flow with
frictional effects. Note that when the flow is frictionless, Eq. 5.103 multiplied by density, p,
is identical to Eq. 3.5. Thus, for steady frictionless flow, Newton’s second law of motion (see
Section 3.1) and the first and second laws of thermodynamics lead to the same differential
equation,

d v?
-, d(> +gdz=0 (5.104)
p 2

If some shaft work is involved, then the flow must be at least locally unsteady in a
cyclical way and the appropriate form of the energy equation for the contents of an infini-
tesimally thin control volume can be developed starting with Eq. 5.67. The resulting equa-
tion is

d V2
—[If + d() +g dz} = 5(10ss) — SWan (5.105)

2 net in

Equations 5.103 and 5.105 are valid for incompressible and compressible flows. If we com-
bine Eqgs. 5.92 and 5.103, we obtain

1
dii + pd <p> — 8¢ne = 8(loss) (5.106)

For incompressible flow, d(1/p) = 0 and, thus, from Eq. 5.106,
dit — 8¢, = 8(loss) (5.107)



Zero loss is associ-
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Applying Eq. 5.107 to a finite control volume, we obtain

Uout = Uin = YGnet = loss
in

which is the same conclusion we reached earlier (see Eq. 5.78) for incompressible flows.
For compressible flow, d(1/p) # 0, and thus when we apply Eq. 5.106 to a finite con-
trol volume we obtain

out
1
oy — Uip + J pd (p) — ney = loss (5.108)

in

indicating that uq, — U, — Guetin 1S DOt equal to loss.

5.44 Application of the Loss Form of the Energy Equation

Steady flow along a pathline in an incompressible and frictionless flow field provides a sim-
ple application of the loss form of the energy equation (Eq. 5.105). We start with Eq. 5.105
and integrate it term by term from one location on the pathline, section (1), to another one
downstream, section (2). Note that because the flow is frictionless, loss = 0. Also, because
the flow is steady throughout, wg,.q netin = 0. Since the flow is incompressible, the density is
constant. The control volume in this case is an infinitesimally small diameter streamtube
(Fig. 5.7). The resultant equation is

p V3 po Vi

— + =+ =—4+ =+ 5.109

p Ty ten= ot e ( )
which is identical to the Bernoulli equation (Eq. 3.7) already discussed in Chapter 3.

If the frictionless and steady pathline flow of the fluid particle considered above was
compressible, application of Eq. 5.105 would yield
f dp V3 vi
I

2 = — + 5.110
P ) 82 ) 821 ( )

To carry out the integration required, [ 12 (dp/p), a relationship between fluid density, p, and
pressure, p, must be known. If the frictionless compressible flow we are considering is adi-
abatic and involves the flow of an ideal gas, it is shown in Section 11.1 that

Ek = constant (5.111)
p

where k = c,/c, is the ratio of gas specific heats, ¢, and c,, which are properties of the fluid.
Using Eq. 5.111 we get

2
d k
f L _ <pz - p‘) (5.112)
P k=1\p» p
Thus, Eqgs. 5.110 and 5.112 lead to
k p V3 k. po Wi

=2 2=t 5.113
k— 1 p B 82 k—1p ) 821 ( )

Note that this equation is identical to Eq. 3.24. An example application of Egs. 5.109 and
5.113 follows.
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E xavpLE
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Air steadily expands adiabatically and without friction from stagnation conditions of 100 psia
and 520 °R to 14.7 psia. Determine the velocity of the expanded air assuming (a) incom-
pressible flow, (b) compressible flow.

SoLurion

(a)

(b)

If the flow is considered incompressible, the Bernoulli equation, Eq. 5.109, can be
applied to flow through an infinitesimal cross-sectional streamtube, like the one in
Fig. 5.7, from the stagnation state (1) to the expanded state (2). From Eq. 109 we get

0 (1 is the stagnation state)

V2
Pry 22y ZZ:p‘+;§+ Z (1)
p 2 P

0 (changes in gz are negligible for air flow)

v, = 2<P1 Pz)
p

We can calculate the density at state (1) by assuming that air behaves like an ideal gas,

_p (100 psia)(144 in.?/ft*)
~ RT, (1716 ft - Ib/slug - °R)(520 °R)

or

= 0.0161 slug/ft* )

Thus,

2(100 psia — 14.7 psia)(144 in.2/ft
s =\/ ( P psia)( ) = 1240 ft/s (Ans)

(0.016 slug/fe)[ 1 (Ib - s?)/(slug - ft)]
The assumption of incompressible flow is not valid in this case since for air a change
from 100 psia to 14.7 psia would undoubtedly result in a significant density change.
If the flow is considered compressible, Eq. 5.113 can be applied to the flow through an

infinitesimal cross-sectional control volume, like the one in Fig. 5.7, from the stagna-
tion state (1) to the expanded state (2). We obtain

(1 is the stagnation state)

k D V% k P1 7‘%
— 4+ =+ 3
k—1p, 2 2T Kk~ 1p 3)

0 (changes in gz are negligible for air flow)

% (p P
2= \/k— 1( Pz) “)

Given in the problem statement are values of p; and p,. A value of p, was calculated ear-
lier (Eq. 2). To determine p, we need to make use of a property relationship for reversible
(frictionless) and adiabatic flow of an ideal gas that is derived in Chapter 11; namely,

or

P constant 5)
o



or

Then, from Eq. 4,

p> = (0.0161 slug/ft*) [
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Problems

where k = 1.4 for air. Solving Eq. 5 for p, we get

p=n(2)
2 "\ p,

14.7 psia

1/1.4
= 0.00409 slug/ft*
100 psia } slug/

100 psia

14.7 psia (144 in.>/ft%)

~(2)(1.4)
%_JM—I

(

or

A considerable difference exis

\.

Key Words and Topics

0.0161 slug/fe  0.00409 slug/ft

)i

slug - ft)/(Ib - s%)

V2 = 1620 ft/S (Ans)

ts between the air velocities calculated assuming incom-

pressible and compressible flow.
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In the E-book, answers to the even-numbered problems can
be obtained by clicking on the problem number. In the E-book,
access to the videos that accompany problems can be obtained
by clicking on the “video” segment (i.e., Video 5.3) of the prob-
lem statement. The lab-type problems can be accessed by click-

>

ing on the “click here” segment of the problem statement.

5.1 Water flows into a sink as shown in Video V5.1 and
Fig. P5.1 at a rate of 2 gallons per minute. Determine the av-
erage velocity through each of the three 0.4 in. diameter over-
flow holes if the drain is closed and the water level in the sink
remains constant.

Three 0.4-in. diameter
overflow holes 0 = 2 gal/min

m FIGURE P5.1

5.2 Various types of attachments can be used with the shop
vac shown in Video V5.2. Two such attachments are shown in
Fig. P5.2—a nozzle and a brush. The flowrate is 1 ft*/s. (a)
Determine the average velocity through the nozzle entrance, V,,.
(b) Assume the air enters the brush attachment in a radial di-
rection all around the brush with a velocity profile that varies
linearly from O to V), along the length of the bristles as shown
in the figure. Determine the value of V.

0=1fts

0=1fts

@
10 WL }
4 ) 0
e NI
It e

d
v, e m'd'a'al v, e 3in. dia.—

B FIGURE P5.2

5.3 Water flows into a rain gutter on a house as shown in
Fig. P5.3 and in Video V10.3 at a rate of 0.0040 ft*/s per foot
of length of the gutter. At the beginning of the gutter (x = 0),

the water depth is zero. (a) If the water flows with a velocity
of 1.0 ft/s throughout the entire gutter, determine an equation
for the water depth, &, as a function of location, x. (b) At what
location will the gutter overflow?

V=1ftls

h x‘—{
m FIGURE P5.3

54 Air flows steadily between two cross sections in a long,
straight section of 0.1-m inside-diameter pipe. The static tem-
perature and pressure at each section are indicated in Fig. P5.4.
If the average air velocity at section (1) is 205 m/s, determine
the average air velocity at section (2).

Section (1) Section (2)
p1 =77 kPa (abs) P, = 45 kPa (abs)
T, =268 K T, =240 K
Vi =205m/s

B FIGURE P5.4

5.5 The wind blows through a 7 ft X 10 ft garage door
opening with a speed of 5 ft/s as shown in Fig. P5.5. Deter-
mine the average speed, V, of the air through the two 3 ft X 4 ft
openings in the windows.

16 ft

| 22 ft |
B FIGURE P5.5

5.6 A hydroelectric turbine passes 4 million gal/min
through its blades. If the average velocity of the flow in the cir-
cular cross-sectional conduit leading to the turbine is not to ex-
ceed 30 ft/s, determine the minimum allowable diameter of the
conduit.



5.7 The cross-sectional area of the test section of a large
water tunnel is 100 ft>. For a test velocity of 50 ft/s, what vol-
ume flowrate capacity in gal/min is needed?

5.8 A hydraulic jump (see Video V10.5) is in place down-
stream from a spill-way as indicated in Fig. P5.8. Upstream of
the jump, the depth of the stream is 0.6 ft and the average stream
velocity is 18 ft/s. Just downstream of the jump, the average
stream velocity is 3.4 ft/s. Calculate the depth of the stream, A,
just downstream of the jump.

- 18 ft/s

f

B FIGURE P5.8

5.9 A water jet pump (see Fig. P5.9) involves a jet cross-
sectional area of 0.01 m?, and a jet velocity of 30 m/s. The jet
is surrounded by entrained water. The total cross-sectional area
associated with the jet and entrained streams is 0.075 m?. These
two fluid streams leave the pump thoroughly mixed with an av-
erage velocity of 6 m/s through a cross-sectional area of
0.075 m* Determine the pumping rate (i.e., the entrained fluid
flowrate) involved in liters/s.

Entrained
water

Yivy

1 30 m/s

> et —>|

Entrained
water

1111

B FIGURE P5.9

5.10 Water enters a cylindrical tank through two pipes at
rates of 250 and 100 gal/min (see Fig. P5.10). If the level of
the water in the tank remains constant, calculate the average
velocity of the flow leaving the tank through an 8-in. inside-
diameter pipe.

Section (1)

. Q1 =
Section (2) €100 gal/min
0, =
250 gal/min ™ 0 Section (3)

B FIGURE P5.10
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Problems

5.11 At cruise conditions, air flows into a jet engine at a
steady rate of 65 Ibm/s. Fuel enters the engine at a steady rate
of 0.60 Ibm/s. The average velocity of the exhaust gases is
1500 ft/s relative to the engine. If the engine exhaust effective
cross-sectional area is 3.5 ft%, estimate the density of the exhaust
gases in lbm/ft>.

5.12 Air at standard atmospheric conditions is drawn into
a compressor at the steady rate of 30 m*/min. The compressor
pressure ratio, pPeyi/Pines 18 10 to 1. Through the compressor
p/p" remains constant with n = 1.4. If the average velocity in
the compressor discharge pipe is not to exceed 30 m/s, calcu-
late the minimum discharge pipe diameter required.

5.13 Two rivers merge to form a larger river as shown in
Fig. P5.13. At a location downstream from the junction (before
the two streams completely merge), the nonuniform velocity
profile is as shown and the depth is 6 ft. Determine the value
of V.

3 ft/s

T
50 ft
'

Depth = 3 ft

Depth = 5 ft

B FIGURE P5.13

5.14 Oil having a specific gravity of 0.9 is pumped as
illustrated in Fig. P5.14 with a water jet pump (see Video V3.6).
The water volume flowrate is 2 m’/s. The water and oil mix-
ture has an average specific gravity of 0.95. Calculate the rate,
in m*/s, at which the pump moves oil.

Section (1)
Section (3)

—_— —_—
Water Water
0, b and
2m3/s oil
mix
(SG =0.95)

Section (2)

}

0il (SG = 0.9)
M FIGURE P5.14

5.15 Air at standard conditions enters the compressor
shown in Fig. P5.15 at a rate of 10 ft’/s. It leaves the tank
through a 1.2-in.-diameter pipe with a density of 0.0035
slugs/ft3 and a uniform speed of 700 ft/s. (a) Determine the
rate (slugs/s) at which the mass of air in the tank is increasing
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or decreasing. (b) Determine the average time rate of change
of air density within the tank.

Compressor
_ 3
o Tank volume = 20 ft lf in
s
> 700 ft/s
[

3 T 0.0035 slugs/ft®
0.00238 slugs/ft

m FIGURE P5.15

5.16 An appropriate turbulent pipe flow velocity profile is

R—r l/nA
V=u, i
R

where u, = centerline velocity, r = local radius, R = pipe ra-
dius, and i = unit vector along pipe centerline. Determine the
ratio of average velocity, u, to centerline velocity, u,, for
@n=4,Md)yn=06,(c)n =28, (d)n=10.

517 The velocity and temperature profiles for one circular
cross section in laminar pipe flow of air with heat transfer are

!

where the unit vector 1 is along the pipe axis, and

rr[13G) 6]

The subscript c refers to centerline value, r = local radius, R =
pipe radius, and 7' = local temperature. Show how you would
evaluate the mass flowrate through this cross-sectional area.

*5.18 To measure the mass flowrate of air through a 6-in.
inside-diameter pipe, local velocity data are collected at differ-
ent radii from the pipe axis (see Table). Determine the mass
flowrate corresponding to the data listed below.

r (in.) Axial Velocity (ft/s)
0 30
0.2 29.71
0.4 29.39
0.6 29.06
0.8 28.70
1.0 28.31
1.2 27.89
1.4 27.42
1.6 26.90
1.8 26.32
2.0 25.64
2.2 24.84
2.4 23.84
2.6 22.50
2.8 20.38
2.9 18.45
2.95 16.71
2.98 14.66
3.00 0

5.19 As shown in Fig. P5.19, at the entrance to a 3-ft-wide
channel the velocity distribution is uniform with a velocity V.
Further downstream the velocity profile is given by
u = 4y — 2y%, where u is in ft/s and y is in ft. Determine the
value of V.

u=4y—2y2

-

¥
0.75 ft
| |

B FIGURE P5.19

5.20 Flow of a viscous fluid over a flat plate surface results
in the development of a region of reduced velocity adjacent to
the wetted surface as depicted in Fig. P5.20. This region of re-
duced flow is called a boundary layer. At the leading edge of
the plate, the velocity profile may be considered uniformly dis-
tributed with a value U. All along the outer edge of the bound-
ary layer, the fluid velocity component parallel to the plate sur-
face is also U. If the x direction velocity profile at section (2) is

1 B (X)lﬂ
U \s

develop an expression for the volume flowrate through the edge
of the boundary layer from the leading edge to a location down-
stream at x where the boundary layer thickness is o.

Section (2)
Section (1) U Oute(l;fedge
U == -~ boundary
— - - T layer
— - e 5
I_a,/
e l
‘ ]
= X

B FIGURE P5.20

T 521 Estimate the rate (in gallons per hour) that your car
uses gasoline when it is being driven on an interstate highway.
Determine how long it would take to empty a 12-o0z soft drink
container at this flowrate. List all assumptions and show cal-
culations.

5.22 How many hours would it take to fill a cylindrical-
shaped swimming pool having a diameter of 10 m to a depth of
1.5 m with water from a garden hose if the flowrate is 1.0 liter/s?

5.23 The Hoover Dam backs up the Colorado River and cre-
ates Lake Mead, which is approximately 115 miles long and has
a surface area of approximately 225 square miles. (See Video
V2.3.) If during flood conditions the Colorado River flows into
the lake at a rate of 45,000 cfs and the outflow from the dam is
8,000 cfs, how many feet per 24-hour day will the lake level rise?

5.24 Storm sewer backup causes your basement to flood at
the steady rate of 1 in. of depth per hour. The basement floor
area is 1500 ft*. What capacity (gal/min) pump would you rent
to (a) keep the water accumulated in your basement at a con-



stant level until the storm sewer is blocked off, and (b) reduce
the water accumulation in your basement at a rate of 3 in./hr
even while the backup problem exists?

5.25 A hypodermic syringe (see Fig. P5.25) is used to ap-
ply a vaccine. If the plunger is moved forward at the steady rate
of 20 mm/s and if vaccine leaks past the plunger at 0.1 of the
volume flowrate out the needle opening, calculate the average
velocity of the needle exit flow. The inside diameters of the sy-
ringe and the needle are 20 mm and 0.7 mm.

Qleak B
-

<

QOU
| — —>t

B FIGURE P5.25

T 5.26 Estimate the maximum flowrate of rainwater (dur-
ing a heavy rain) that you would expect from the downspout
connected to the gutters of your house. List all assumptions and
show all calculations.

5.27 It takes you 1 min to fill your car’s fuel tank with 13.5
gallons of gasoline. What is the approximate average velocity
of the gasoline leaving the nozzle at this pump?

5.28 A gas flows steadily through a duct of varying cross-
sectional area. If the gas density is assumed to be uniformly
distributed at any cross section, show that the conservation of
mass principle leads to

dp dv dA
—t+ =+ -—=
p v A

where p = gas density, V = average speed of gas, and A =
cross-sectional area.

5.29 A 10-mm diameter jet of water is deflected by a ho-
mogeneous rectangular block (15 mm by 200 mm by 100 mm)
that weighs 6 N as shown in Video V5.4 and Fig. P5.29. De-
termine the minimum volume flowrate needed to tip the block.

0

0.10m

B FIGURE P5.29

5.30 Water enters the horizontal, circular cross-sectional,
sudden contraction nozzle sketched in Fig. P5.30 at section (1)
with a uniformly distributed velocity of 25 ft/s and a pressure
of 75 psi. The water exits from the nozzle into the atmosphere
at section (2) where the uniformly distributed velocity is 100
ft/s. Determine the axial component of the anchoring force re-
quired to hold the contraction in place.
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Section (2)
Py =
0 psi
—_—
V, =
100 ft/s

-—--

Section (1)

B FIGURE P5.30

5.31 A nozzle is attached to a vertical pipe and discharges
water into the atmosphere as shown in Fig. P5.31. When the
discharge is 0.1 m?/s, the gage pressure at the flange is 40 kPa.
Determine the vertical component of the anchoring force re-
quired to hold the nozzle in place. The nozzle has a weight of
200 N, and the volume of water in the nozzle is 0.012 m>. Is
the anchoring force directed upward or downward?

Area = 0.01 m?

lg

p =40 kPa Area = 0.02 m?

TO.IO m3/s

B FIGURE P5.31

5.32 Determine the magnitude and direction of the x and y
components of the anchoring force required to hold in place the
horizontal 180° elbow and nozzle combination shown in
Fig. P5.32. Also determine the magnitude and direction of the
x and y components of the reaction force exerted by the 180°
elbow and nozzle on the flowing water.

6 in.
V, <—
Section (2) Y
12iin. *
—
4 —>§) } Water
T \Section (1)
py =15 psi
V, =5 ft/s

B FIGURE P5.32
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5.33 Water flows as two free jets from the tee attached to
the pipe shown in Fig. P5.33. The exit speed is 15 m/s. If vis-
cous effects and gravity are negligible, determine the x and y
components of the force that the pipe exerts on the tee.

V=15m/s
Area = 0.3 m?

|_x

Area = 1 m?

V=15m/s

Area = 0.5 m?

\Pipe " N\

m FIGURE P5.33

Tee

5.34 Water flows through a horizontal bend and discharges
into the atmosphere as shown in Fig. P5.34. When the pressure
gage reads 10 psi, the resultant x direction anchoring force, F,,,
in the horizontal plane required to hold the bend in place is
shown on the figure. Determine the flowrate through the bend
and the y direction anchoring force, F,,, required to hold the
bend in place. The flow is not frictionless.

@10 psi

Bend
= 7 —
e e ~— F,,= 1440 Ib
Area = 0.2 ft 2
Fay=?
Area = 0.1 ft2 Ay

o
P

B FIGURE P5.34

5.35 Thrust vector control is a new technique that can be
used to greatly improve the maneuverability of military fighter
aircraft. It consists of using a set of vanes in the exit of a jet
engine to deflect the exhaust gases as shown in Fig. P5.35.
(a) Determine the pitching moment (the moment tending to ro-
tate the nose of the aircraft up) about the aircraft’s mass center
(cg) for the conditions indicated in the figure. (b) By how much
is the thrust (force along the centerline of the aircraft) reduced
for the case indicated compared to normal flight when the ex-
haust is parallel to the centerline?

Pout = 0
Vour = 1500 ft/s

~
Vane ~ NS —— ¥V, = 300 ftis
6=8deg Pin=0
My = Mgy = 16 slugs/s

B FIGURE P5.35

5.36 The thrust developed to propel the jet ski shown in
Video V9.7 and Fig. P5.36 is a result of water pumped through

the vehicle and exiting as a high-speed water jet. For the con-
ditions shown in the figure, what flowrate is needed to produce
a 300 1Ib thrust? Assume the inlet and outlet jets of water are
free jets.

3.5 in. diamter
outlet jet

W —=

30°\
25 in.2 inlet area

B FIGURE P5.36

5.37 Water is sprayed radially outward over 180° as indi-
cated in Fig. P5.37. The jet sheet is in the horizontal plane. If
the jet velocity at the nozzle exit is 20 ft/s, determine the di-
rection and magnitude of the resultant horizontal anchoring
force required to hold the nozzle in place.

¥

8 in.——‘ En

V=
20 ft/s

B FIGURE P5.37

5.38 A circular plate having a diameter of 300 mm is held
perpendicular to an axisymmetric horizontal jet of air having a
velocity of 40 m/s and a diameter of 80 mm as shown in
Fig. P5.38. A hole at the center of the plate results in a dis-
charge jet of air having a velocity of 40 m/s and a diameter of
20 mm. Determine the horizontal component of force required
to hold the plate stationary.

{

Free jets /Plate
N
40 m/s ==~ 80 mm (= 40 m/s
20 mm

\

B FIGURE P5.38



5.39 A sheet of water of uniform thickness (2 = 0.01 m)
flows from the device shown in Fig. P5.39. The water enters
vertically through the inlet pipe and exits horizontally with a
speed that varies linearly from 0 to 10 m/s along the 0.2-m
length of the slit. Determine the y component of anchoring force
necessary to hold this device stationary.

i

B FIGURE P5.39

5.40 The results of a wind tunnel test to determine the drag

on a body (see Fig. P5.40) are summarized below. The upstream

[section (1)] velocity is uniform at 100 ft/s. The static pressures

are given by p, = p, = 14.7 psia. The downstream velocity dis-

tribution, which is symmetrical about the centerline, is given by
|

100 — 30<1 f?) v =31t

u

u =100 y| > 3ft

where u is the velocity in ft/s and y is the distance on either side
of the centerline in feet (see Fig. P5.40). Assume that the body
shape does not change in the direction normal to the paper. Cal-
culate the drag force (reaction force in x direction) exerted on the
air by the body per unit length normal to the plane of the sketch.

V, =100 ft/s
|—>
V, =100 ft/s I'_’
I—> '—>
i |T>
> Body |
3ft
I
>
 —
A 3t |
Section (1) L
|—> |—>
Section (2)° F——]
(BN

B FIGURE P5.40

5.41 The hydraulic dredge shown in Fig. P5.41 is used to
dredge sand from a river bottom. Estimate the thrust needed
from the propeller to hold the boat stationary. Assume the spe-
cific gravity of the sand/water mixture is SG = 1.2.
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30 ft/s

B FIGURE P5.41

5.42 Water flows vertically upward in a circular cross-
sectional pipe as shown in Fig. P5.42. At section (1), the ve-
locity profile over the cross-sectional area is uniform. At sec-
tion (2), the velocity profile is

R—r\"".
V=wc( ) k
R

where V = local velocity vector, w, = centerline velocity in
the axial direction, R = pipe radius, and r = radius from pipe
axis. Develop an expression for the fluid pressure drop that oc-
curs between sections (1) and (2).

- - 7
Section (2) |»r+1
[
>\ —— e — |
Section (1) 7 (>

B FIGURE P5.42

5.43 In a laminar pipe flow that is fully developed, the ax-
ial velocity profile is parabolic. That is,

-]

as is illustrated in Fig. P5.43. Compare the axial direction mo-
mentum flowrate calculated with the average velocity, u, with
the axial direction momentum flowrate calculated with the
nonuniform velocity distribution taken into account.

B FIGURE P5.43

*5.44 For the pipe (6-in. inside diameter) air flow data of
Problem 5.18, calculate the rate of flow of axial direction mo-
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mentum. How large would the error be if the average axial ve-
locity were used to calculate axial direction momentum flow?

5.45 Consider unsteady flow in the constant diameter, hor-
izontal pipe shown in Fig. P5.45. The velocity is uniform
throughout the entire pipe, but it is a function of time: V = u(7)i.
Use the x component of the unsteady momentum equation to
determine the pressure difference p; — p,. Discuss how this re-
sult is related to F, = ma,.

u (1)
\ T T
—| e |
> | D
e o
—>| I
_H p = density }
(1) (2)

B FIGURE P5.45

5.46 The propeller on a swamp boat produces a jet of air
having a diameter of 3 ft as illustrated in Fig. P5.46. The am-
bient air temperature is 80 °F, and the axial velocity of the flow
is 85 ft/s relative to the boat. What propulsive forces are pro-
duced by the propeller when the boat is stationary and when
the boat moves forward with a constant velocity of 20 ft/s?

3 ft diameter

B FIGURE P5.46

547 A free jet of fluid strikes a wedge as shown in Fig. P5.47.
Of the total flow, a portion is deflected 30°; the remainder is not
deflected. The horizontal and vertical components of force needed
to hold the wedge stationary are F'; and Fy, respectively. Gravity
is negligible, and the fluid speed remains constant. Determine the
force ratio, Fy/F,.

B FIGURE P5.47

5.48 Water flows from a two-dimensional open channel and
is diverted by an inclined plate as illustrated in Fig. P5.48. When
the velocity at section (1) is 10 ft/s, what horizontal force (per
unit width) is required to hold the plate in position? At section

(1) the pressure distribution is hydrostatic, and the fluid acts as
a free jet at section (2). Neglect friction.

Section (1)

10fts  4ft
—»

Plate

~
T
Section (2)

B FIGURE P5.48

T 549 When a baseball player catches a ball, the force
of the ball on her glove is as shown as a function of time in
Fig. P5.49. Describe how this situation is similar to the force
generated by the deflection of a jet of water by a vane. Note:
Consider many baseballs being caught in quick succession.

B FIGURE P5.49

5.50 A vertical, circular cross-sectional jet of air strikes a
conical deflector as indicated in Fig. P5.50. A vertical anchor-
ing force of 0.1 N is required to hold the deflector in place. De-
termine the mass (kg) of the deflector. The magnitude of ve-
locity of the air remains constant.

F,=0.1N

V=30m/s
B FIGURE P5.50



5.51 Water flows from a large tank into a dish as shown
in Fig. P5.51. (a) If at the instant shown the tank and the wa-
ter in it weigh W, 1b, what is the tension, 7, in the cable sup-
porting the tank? (b) If at the instant shown the dish and the
water in it weigh W, Ib, what is the force, F,, needed to sup-
port the dish?

~—Tank

10 ft

0.1-ft diameter l 7
12 ft
1 \V4 &

b,

B FIGURE P5.51

5.52 Air flows into the atmosphere from a nozzle and
strikes a vertical plate as shown in Fig. P5.52. A horizontal force
of 12 N is required to hold the plate in place. Determine the
reading on the pressure gage. Assume the flow to be incom-
pressible and frictionless.

=
1]
~

Area = 0.01 m?

m FIGURE P5.52

T 5.53 A table tennis ball “balances” on a jet of air as
shown in Video V3.1 and in Fig. P5.53. Explain why the ball
sits at the height it does and why the ball does not “roll off™
the jet.
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m FIGURE P5.53

5.54 Two water jets of equal size and speed strike each
other as shown in Fig. P5.54. Determine the speed, V, and di-
rection, 6, of the resulting combined jet. Gravity is negligible.

V2=10ft/s—>E

v, =10 ft/s

m FIGURE P5.54

5.55 Assuming frictionless, incompressible, one-dimen-
sional flow of water through the horizontal tee connection
sketched in Fig. P5.55, estimate values of the x and y compo-
nents of the force exerted by the tee on the water. Each pipe
has an inside diameter of 1 m.

Z|
Section (3) Section (2)
0, Y [ Y
3/ = I — (] -
10 m%s %) . /\< Yo

Section (1)
Vi=6m/s
p1 =200 kPa

B FIGURE P5.55

5.56 Water is added to the tank shown in Fig. P5.56 through
a vertical pipe to maintain a constant (water) level. The tank is
placed on a horizontal plane which has a frictionless surface.
Determine the horizontal force, F, required to hold the tank sta-
tionary. Neglect all losses.
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Constant
water level m

Jet area
:li—» =625 mm?

Jet area

= 1250 mm? <=L '+
1m
4

Y
Frictionless
surface;

B FIGURE P5.56

5.57 Water flows steadily into and out of a tank that sits on
frictionless wheels as shown in Fig. P5.57. Determine the di-
ameter D so that the tank remains motionless if F = 0.

B FIGURE P5.57

5.58 The four devices shown in Fig. P5.58 rest on fric-
tionless wheels, are restricted to move in the x direction only
and are initially held stationary. The pressure at the inlets and
outlets of each is atmospheric, and the flow is incompressible.
The contents of each device is not known. When released, which
devices will move to the right and which to the left? Explain.

=

a (b)
‘f)__ﬁj |
> G
(c) (d)

B FIGURE P5.58

5.59 Water discharges into the atmosphere through the de-
vice shown in Fig. P5.59. Determine the x component of force
at the flange required to hold the device in place. Neglect the
effect of gravity and friction.

A=0.4ft?

) 30 ft/s
10 psi

/Flange

20 ft/s% )

\\

A =0.8 ft?

B FIGURE P5.59

5.60 A vertical jet of water leaves a nozzle at a speed of
10 m/s and a diameter of 20 mm. It suspends a plate having a
mass of 1.5 kg as indicated in Fig. P5.60. What is the vertical
distance h?

B FIGURE P5.60

5.61 Exhaust (assumed to have the properties of standard
air) leaves the 4-ft-diameter chimney shown in Video V5.3 and
Fig. P5.61 with a speed of 6 ft/s. Because of the wind, after a
few diameters downstream the exhaust flows in a horizontal di-
rection with the speed of the wind, 15 ft/s. Determine the hor-
izontal component of the force that the blowing wind puts on
the exhaust gases.

15 ft/s

B FIGURE P5.61



5.62 Air discharges from a 2-in.-diameter nozzle and strikes
a curved vane, which is in a vertical plane as shown in
Fig. P5.62. A stagnation tube connected to a water U-tube
manometer is located in the free air jet. Determine the hori-
zontal component of the force that the air jet exerts on the vane.
Neglect the weight of the air and all friction.

s )

Fixed vane

Stagnation
’rtube

I

| 2-in. dia.

t

Free
air jet

s

B FIGURE P5.62

T 5.63 Water from a garden hose is sprayed against your
car to rinse dirt from it. Estimate the force that the water ex-
erts on the car. List all assumptions and show calculations.

T 5.64 A truck carrying chickens is too heavy for a bridge
that it needs to cross. The empty truck is within the weight lim-
its; with the chickens it is overweight. It is suggested that if one
could get the chickens to fly around the truck (i.e., by banging
on the truck side) it would be safe to cross the bridge. Do you
agree? Explain.

5.65 A 3-in.-diameter horizontal jet of water strikes a flat
plate as indicated in Fig. P5.65. Determine the jet velocity if a
10-1b horizontal force is required to (a) hold the plate station-
ary, (b) allow the plate to move at a constant speed of 10 ft/s
to the right.

F,=101b
10 ft/s

(a) (b)
B FIGURE P5.65

5.66 A Pelton wheel vane directs a horizontal, circular
cross-sectional jet of water symmetrically as indicated in Fig.
P5.66 and Video V5.4. The jet leaves the nozzle with a veloc-
ity of 100 ft/s. Determine the x direction component of an-
choring force required to (a) hold the vane stationary, (b) con-
fine the speed of the vane to a value of 10 ft/s to the right.
The fluid speed magnitude remains constant along the vane
surface.

Problems ®m 287
4502} 45°?>
¢ 1% ho u%
ft/s ft/s 10 ft/s
— TN = -
D=1in. D=1in.
45? 4505;
(a) (D)

B FIGURE P5.66

5.67 How much power is transferred to the moving vane of
Problem 5.66?

5.68 Water enters a rotating lawn sprinkler through its base
at the steady rate of 16 gal/min as shown in Fig. P5.68. The
exit cross-sectional area of each of the two nozzles is 0.04 in.%,
and the flow leaving each nozzle is tangential. The radius from
the axis of rotation to the centerline of each nozzle is 8 in.
(a) Determine the resisting torque required to hold the sprin-
kler head stationary. (b) Determine the resisting torque associ-
ated with the sprinkler rotating with a constant speed of 500
rev/min. (¢) Determine the angular velocity of the sprinkler if
no resisting torque is applied.

Q=16 gal/min

B FIGURE P5.68

5.69 Five liters/s of water enter the rotor shown in Video
V5.5 and Fig. P5.69 along the axis of rotation. The cross-
sectional area of each of the three nozzle exits normal to the
relative velocity is 18 mm® How large is the resisting torque
required to hold the rotor stationary? How fast will the rotor
spin steadily if the resisting torque is reduced to zero and (a)
0 =0° (b) 6 = 30° (c) 6 = 60°?
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B FIGURE P5.69

T 5.70 After examining an impulse-type lawn sprinkler
like the one shown in Video V5.6, explain how it works.

5.71 A water turbine wheel rotates at the rate of 50 rpm in
the direction shown in Fig. P5.71. The inner radius, r,, of the
blade row is 2 ft, and the outer radius, r|, is 4 ft. The absolute
velocity vector at the turbine rotor entrance makes an angle of
20° with the tangential direction. The inlet blade angle is 60°
relative to the tangential direction. The blade outlet angle is
120°. The flowrate is 20 ft*/s. For the flow tangent to the rotor
blade surface at inlet and outlet, determine an appropriate con-
stant blade height, b, and the corresponding power available at
the rotor shaft.

e
i

1

Section (2) *
0 =20 ft%s

A

Section (1)

B FIGURE P5.71

5.72 An incompressible fluid flows outward through a
blower as indicated in Fig. P5.72. The shaft torque involved,
Tghati» 18 estimated with the following relationship:

Tipae = M1V,

where m = mass flowrate through the blower, r, = outer ra-
dius of blower, and V,, = tangential component of absolute

fluid velocity leaving the blower. State the flow conditions that
make this formula valid.

J

L

\

B FIGURE P5.72

5.73 The radial component of velocity of water leaving the
centrifugal pump sketched in Fig. P5.73 is 30 ft/s. The mag-
nitude of the absolute velocity at the pump exit is 60 ft/s. The
fluid enters the pump rotor radially. Calculate the shaft work
required per unit mass flowing through the pump.

Vi = 30 ftfs

V,=
60 ft/s

B FIGURE P5.73

5.74 A fan (see Fig. P5.74) has a bladed rotor of 12-in. out-
side diameter and 5-in. inside diameter and runs at 1725 rpm.
The width of each rotor blade is 1 in. from blade inlet to out-
let. The volume flowrate is steady at 230 ft*/min, and the ab-
solute velocity of the air at blade inlet, V, is purely radial. The
blade discharge angle is 30° measured with respect to the tan-
gential direction at the outside diameter of the rotor. (a) What
would be a reasonable blade inlet angle (measured with respect
to the tangential direction at the inside diameter of the rotor)?
(b) Find the power required to run the fan.



Q = 230 ft¥min

]

12in. /

m FIGURE P5.74

5.75 An axial flow gasoline pump (see Fig. P5.75) consists
of a rotating row of blades (rotor) followed downstream by a sta-
tionary row of blades (stator). The gasoline enters the rotor ax-
ially (without any angular momentum) with an absolute velocity
of 3 m/s. The rotor blade inlet and exit angles are 60° and 45°
from the axial direction. The pump annulus passage cross-

sectional area is constant. Consider the flow as being tangent

to the blades involved. Sketch velocity triangles for flow just

upstream and downstream of the rotor and just downstream of

the stator where the flow is axial. How much energy is added

to each kilogram of gasoline?

Arithmetic
mean radius blade
60° sections

Vi =3m/s

B FIGURE P5.75

5.76 A sketch of the arithmetic mean radius blade sections
of an axial-flow water turbine stage is shown in Fig. P5.76. The
rotor speed is 1000 rpm. (a) Sketch and lable velocity triangles
for the flow entering and leaving the rotor row. Use V for ab-
solute velocity, W for relative velocity, and U for blade veloc-
ity. Assume flow enters and leaves each blade row at the blade
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angles shown. (b) Calculate the work per unit mass delivered
at the shaft.

i= E= BN

A
AP

B FIGURE P5.76

Blade sections
at the arithmetic
mean radius

5.77 Sketch the velocity triangles for the flows entering and
leaving the rotor of the turbine-type flow meter shown in Fig.
P5.77. Show how rotor angular velocity is proportional to aver-
age fluid velocity.

Turbine

B FIGURE P5.77 (Courtesy of EG&G Flow Tech-
nology, Inc.)

5.78 By using velocity triangles for flow upstream (1) and

downstream (2) of a turbomachine rotor, prove that the shaft

work in per unit mass flowing through the rotor is
V3-Vi-U3—-U}+W?—-W3

Wshate =
net in 2

where V = absolute flow velocity magnitude, W = relative
flow velocity magnitude, and U = blade speed.

*5.79 Summarized next are air flow data for flow across a
low-speed axial-flow fan. Calculate the change in rate of flow
of axial direction angular momentum across this rotor and eval-
uate the shaft power input involved. The inner and outer radii
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of the fan annulus are 142 and 203 mm, respectively. The ro-
tor speed is 2400 rpm.

Upstream of Rotor Downstream of Rotor

Absolute Absolute
Axial Tangential Axial Tangential
Radius  Velocity Velocity Velocity Velocity
(mm) (m/s) (m/s) (m/s) (m/s)
142 0 0 0 0
148 32.03 0 32.28 12.64
169 32.03 0 32.37 12.24
173 32.04 0 31.78 11.91
185 32.03 0 31.50 11.35
197 31.09 0 29.64 11.66
203 0 0 0 0
5.80 Air enters a radial blower with zero angular momen-

tum. It leaves with an absolute tangential velocity, Vy, of 200
ft/s. The rotor blade speed at rotor exit is 170 ft/s. If the stag-
nation pressure rise across the rotor is 0.4 psi, calculate the loss
of available energy across the rotor and the rotor efficiency.

5.81 Water enters a pump impeller radially. It leaves the
impeller with a tangential component of absolute velocity of
10 m/s. The impeller exit diameter is 60 mm, and the impeller
speed is 1800 rpm. If the stagnation pressure rise across the im-
peller is 45 kPa, determine the loss of available energy across
the impeller and the hydraulic efficiency of the pump.

5.82 Water enters an axial-flow turbine rotor with an ab-
solute velocity tangential component, V,, of 15 ft/s. The cor-
responding blade velocity, U, is 50 ft/s. The water leaves the
rotor blade row with no angular momentum. If the stagnation
pressure drop across the turbine is 12 psi, determine the hy-
draulic efficiency of the turbine.

5.83 An inward flow radial turbine (see Fig. P5.83) involves
a nozzle angle, a;, of 60° and an inlet rotor tip speed, U, of
30 ft/s. The ratio of rotor inlet to outlet diameters is 2.0. The
radial component of velocity remains constant at 20 ft/s through
the rotor, and the flow leaving the rotor at section (2) is with-

L]

P
o

)

\

U, =
30 ft/s

B FIGURE P5.83

out angular momentum. If the flowing fluid is water and the
stagnation pressure drop across the rotor is 16 psi, determine
the loss of available energy across the rotor and the hydraulic
efficiency involved.

5.84 An inward flow radial turbine (see Fig. P5.83) involves
anozzle angle, a;, of 60° and an inlet rotor tip speed of 30 ft/s.
The ratio of rotor inlet to outlet diameters is 2.0. The radial
component of velocity remains constant at 20 ft/s through the
rotor, and the flow leaving the rotor at section (2) is without an-
gular momentum. If the flowing fluid is air and the static pres-
sure drop across the rotor is 0.01 psi, determine the loss of avail-
able energy across the rotor and the rotor aerodynamic
efficiency.

5.85 How much available energy is lost during the process
shown in Video V5.7?

5.86 What is the size of the head loss that is needed to raise
the temperature of water by 1°F?

5.87 A 100-ft-wide river with a flowrate of 2400 ft¥/s flows
over a rock pile as shown in Fig. P5.87. Determine the direc-
tion of flow and the head loss associated with the flow across
the rock pile.

B FIGURE P5.87

5.88 If a 3-hp motor is required by a ventilating fan to pro-
duce a 24-in. stream of air having a velocity of 40 ft/s as shown
in Fig. P5.88, estimate (a) the efficiency of the fan and (b) the
thrust of the supporting member on the conduit enclosing the
fan.

B FIGURE P5.88

5.89 Air flows past an object in a pipe of 2-m diameter and
exits as a free jet as shown in Fig. P5.89. The velocity and pres-
sure upstream are uniform at 10 m/s and 50 N/m?, respec-
tively. At the pipe exit the velocity is nonuniform as indicated.
The shear stress along the pipe wall is negligible. (a) Deter-
mine the head loss associated with a particle as it flows from
the uniform velocity upstream of the object to a location in the
wake at the exit plane of the pipe. (b) Determine the force that
the air puts on the object.
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| Air 1

> N bF 3t
—> 2-m-dia. Wake 1-m dia. 4 mis
> / + i Y

................. 12 m/s

A

p=50Nm* v _ 10 mss
Bm FIGURE P5.89

5.90 Oil (SG = 0.9) flows downward through a vertical
pipe contraction as shown in Fig. P5.90. If the mercury
manometer reading, A, is 100 mm, determine the volume *
flowrate for frictionless flow. Is the actual flowrate more or less

than the frictionless value? Explain. B FIGURE P5.92

lin.— [~—

N

3in.—= [~

i

L

iB
B FIGURE P5.90

B FIGURE P5.93
5.91 An incompressible liquid flows steadily along the pipe
shown in Fig. P5.91. Determine the direction of flow and the
head loss over the 6-m length of pipe. T 5.94 Explain how you would estimate the fluid pres-
sure at the inlet of the axial-flow pump shown in Fig. P5.94. Is
this pressure greater or less than atmospheric pressure? Com-
ment on the placement of the pump in the pipe to avoid cavi-
tation in the pump.

Shaft to motor

Discharge
—

B FIGURE P5.91

5.92 A siphon is used to draw water at 70 °F from a large
container as indicated in Fig. P5.92. The inside diameter of the
siphon line is 1 in., and the pipe centerline rises 3 ft above the
essentially constant water level in the tank. Show that by vary- Drive shaft
ing the length of the siphon below the water level, &, the rate
of flow through the siphon can be changed. Assuming friction-

less flow, determine the maximum flowrate possible through R
the siphon. The limiting condition is the occurrence of cavita- :l [ B
tion in the siphon. Will the actual maximum flow be more or /| =-Rotor blades

less than the frictionless value? Explain.

5.93 A water siphon having a constant inside diameter of
3 in. is arranged as shown in Fig. P5.93. If the friction loss be- } T \
tween A and B is 0.8V?/2, where V is the velocity of flow in

the siphon, determine the flowrate involved. B FIGURE P5.94

Inlet
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5.95 Water flows through a vertical pipe, as is indicated in
Fig. P5.95. Is the flow up or down in the pipe? Explain.

N [y S

Y | o J
h
- f

Mercury

B FIGURE P5.95

5.96 A fire hose nozzle is designed to deliver water that
will rise 40 m vertically. Calculate the stagnation pressure re-
quired at the nozzle inlet if (a) no loss is assumed, (b) a loss
of 30 N - m/kg is assumed.

5.97 For the 180° elbow and nozzle flow shown in Fig.
P5.97, determine the loss in available energy from section (1)
to section (2). How much additional available energy is lost from
section (2) to where the water comes to rest?

Section (1)
m FIGURE P5.97

5.98 An automobile engine will work best when the back
pressure at the interface of the exhaust manifold and the engine
block is minimized. Show how reduction of losses in the ex-
haust manifold, piping, and muffler will also reduce the back
pressure. How could losses in the exhaust system be reduced?
What primarily limits the minimization of exhaust system
losses?

5.99 Water flows vertically upward in a circular cross-
sectional pipe. At section (1), the velocity profile over the cross-
sectional area is uniform. At section (2), the velocity profile is

R—r\"-
V=wc( > k
R

where V = local velocity vector, w. = centerline velocity in
the axial direction, R = pipe inside radius, and, r = radius from
pipe axis. Develop an expression for the loss in available en-
ergy between sections (1) and (2).

5.100 Discuss the causes of loss of available energy in a
fluid flow.
5.101 Consider the flow shown in Fig. P5.91. If the flow-

ing fluid is water, determine the axial (along the pipe) and nor-
mal (perpendicular to the pipe) components of force that the
pipe puts on the fluid in the 6-m section shown.

5.102 Water flows steadily down the inclined pipe as indi-

cated in Fig. P5.102. Determine the following: (a) the differ-
ence in pressure p; — p,, (b) the loss between sections (1) and
(2), (c) the net axial force exerted by the pipe wall on the flow-
ing water between sections (1) and (2).

Section (2) )

Mercury

B FIGURE P5.102

5.103 Water flows through a 2-ft-diameter pipe arranged
horizontally in a circular arc as shown in Fig. P5.103. If the
pipe discharges to the atmosphere (p = 14.7 psia), determine
the x and y components of the resultant force exerted by the
water on the piping between sections (1) and (2). The steady
flowrate is 3000 ft’/min. The loss in pressure due to fluid fric-
tion between sections (1) and (2) is 25 psi.

90° Section (2)
1000 ft

Section (1) /’

5) Flow ——3 \*‘\1

B FIGURE P5.103

5.104 When fluid flows through an abrupt expansion as in-
dicated in Fig. P5.104, the loss in available energy across the
expansion, loss,,, is often expressed as



ALY Vi
lossg, =\ 1 —— ) —
A,) 2

where A; = cross-sectional area upstream of expansion, A, =
cross-sectional area downstream of expansion, and V; = ve-
locity of flow upstream of expansion. Derive this relationship.

- —>
0

Section (1)
Section (2)
B FIGURE P5.104

5.105 Near the downstream end of a river spillway, a hy-
draulic jump often forms, as illustrated in Fig. P5.105 and Video
V10.5. The velocity of the channel flow is reduced abruptly
across the jump. Using the conservation of mass and linear mo-
mentum principles, derive the following expression for /,,

hy (hl)z 2V3n,
hy=——+||=) +
2 2 g

The loss of available energy across the jump can also be de-
termined if energy conservation is considered. Derive the loss
expression

glh, — h1)3
4h,h,

jump loss =

B FIGURE P5.105

5.106 Two water jets collide and form one homogeneous
jet as shown in Fig. P5.106. (a) Determine the speed, V, and
direction, 6, of the combined jet. (b) Determine the loss for a
fluid particle flowing from (1) to (3), from (2) to (3). Gravity is
negligible.

1 (1)

Vi=4m/s
m FIGURE P5.106
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5.107 The pumper truck shown in Fig. P5.107 is to deliver
1.5 ft*/s to a maximum elevation of 60 ft above the hydrant.
The pressure at the 4-in. diameter outlet of the hydrant is 10 psi.
If head losses are negligibly small, determine the power that
the pump must add to the water.

60 ft

10 psi
4in.
diameter

Hydrant
H FIGURE P5.107

5.108 What is the maximum possible power output of the
hydroelectric turbine shown in Fig. P5.108?

6 m/s
Turbine
m FIGURE P5.108
5.109 Estimate the power in hp needed to drive the main

pump of the large-scale water tunnel shown in Fig. P5.109. The
design condition head loss is specified as 14 ft of water for a
flowrate of 4900 ft/s.

Test
section

Main pump

B FIGURE P5.109
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5.110 Water is supplied at 150 f}/s and 60 psi to a hy-
draulic turbine through a 3-ft inside-diameter inlet pipe as
indicated in Fig. P5.110. The turbine discharge pipe has a 4-
ft inside diameter. The static pressure at section (2), 10 ft be-
low the turbine inlet, is 10-in. Hg vacuum. If the turbine de-
velops 2500 hp, determine the power lost between sections (1)
and (2).

p1 =60 psi3
) Q =150 ft’/s
Section (1) D, =31t
10 ft
py = 10-in. Hg
vacuum

D,=4ft

\Section (2)

B FIGURE P5.110

5.111 A steam turbine receives steam having a static pres-
sure, p;, of 400 psia, an enthalpy, hv], of 1407 Btu/lbm, and a
velocity, Vi, of 100 ft/s. The steam leaves the turbine as a
mixture of vapor and liquid having an enthalpy, %,, of 1098
Btu/lbm, a pressure, p,, of 2 psia, and a velocity, V,, of 200
ft/s. If the flow through the turbine is essentially adiabatic
and the change in elevation of the steam is negligible, calcu-
late (a) the actual work output per unit mass of steam, (b) the
efficiency of the turbine if the ideal work output is 467
Btu/Ibm.

5.112 A centrifugal air compressor stage operates between
an inlet stagnation pressure of 14.7 psia and an exit stagnation
pressure of 60 psia. The inlet stagnation temperature is 80 °F.
If the loss of total pressure through the compressor stage asso-
ciated with irreversible flow phenomena is 10 psi, estimate the
actual and ideal stagnation temperature rise through the com-
pressor. Estimate the ratio of ideal to actual temperature rise to
obtain an approximate value of the efficiency.

T 5113 Explain how, in terms of the loss of available en-
ergy involved, a home sink water faucet valve works to vary
the flow from the shutoff condition to maximum flow. Explain
how you would estimate the size of the overflow drain holes
needed in the sink of Video V5.1 (Video V3.5 may be helpful).

*5.114 Total head-rise values measured for air flowing
across a fan are listed below as a function of volume flowrate.
Determine the flowrate that will result when this fan is
connected to a piping system whose loss in total head is de-
scribed by loss = K; Q% when: (a) K; = 49 mm H,0/(m%/s)?;
(b) K;, = 91 mm H,0/(m*/s)%; (¢) K, = 140 mm H,0(m?/s)".

Total Head Rise

Q (m%/s) (mm H,0)
0 79
0.14 79
0.28 76
0.42 67
0.57 65
0.71 70
0.85 76
0.99 79
1.13 75
1.27 64

5.115 Water is pumped from the tank shown in Fig. P5.115a.
The head loss is known to be 1.2 V?/2g, where V is the average
velocity in the pipe. According to the pump manufacturer, the
relationship between the pump head and the flowrate is as shown
in Fig. P5.115b: h, = 20 — 2000 Q?, where h, is in meters and
Q is in m’/s. Determine the flowrate, Q.

20

S
- 10

‘:R

h, = 20-20000°

0 |
Pump 0.07m 0 0.05 0.10
0, m3/s
(a) (b)

B FIGURE P5.115

5.116 Water flows by gravity from one lake to another as
sketched in Fig. P5.116 at the steady rate of 80 gpm. What is
the loss in available energy associated with this flow? If this
same amount of loss is associated with pumping the fluid from
the lower lake to the higher one at the same flowrate, estimate
the amount of pumping power required.

B FIGURE P5.116

5117 A 3-hp motor is required by an air ventilating fan to
produce a 24-in.-diameter stream of air having a uniform speed
of 40 ft/s. Determine the aerodynamic efficiency of the fan.



5.118 Water is pumped from a tank, point (1), to the top of
a water plant aerator, point (2), as shown in Video V5.8 and
Fig. P5.118 at a rate of 3.0 ft*/s. (a) Determine the power that
the pump adds to the water if the head loss from (1) to (2) where
V, = 0 is 4 ft. (b) Determine the head loss from (2) to the bot-
tom of the aerator column, point (3), if the average velocity at
(3) is V3 = 2 ft/s.

Aerator column

A
)
<
% A NGy 5 ft

3t \
_ + (Pump) <1

B FIGURE P5.118

5.119 The turbine shown in Fig. P5.119 develops 100 hp
when the flowrate of water is 20 ft*/s. If all losses are negligi-
ble, determine (a) the elevation 4, (b) the pressure difference
across the turbine, and (c) the flowrate expected if the turbine
were removed.

Free jet

B FIGURE P5.119

5.120 A liquid enters a fluid machine at section (1) and
leaves at sections (2) and (3) as shown in Fig. P5.120. The den-

T p, =50 psia
V, =35 ft/s

Section (2)
I

Section (3)" |

p3 =14.7 psia
\ i V3 =45 ft/s
—_ Section (1) 3
- Ay=5in?
p1 =80 psia
V, =15 ft/s
A;=30in.2

B FIGURE P5.120

m 295

Problems

sity of the fluid is constant at 2 slugs/ft>. All of the flow oc-
curs in a horizontal plane and is frictionless and adiabatic. For
the above-mentioned and additional conditions indicated in
Fig. P5.120, determine the amount of shaft power involved.

5.121 Water is to be moved from one large reservoir to an-
other at a higher elevation as indicated in Fig. P5.121. The loss
of available energy associated with 2.5 ft*/s being pumped from
sections (1) to (2) is 61V ?/2 ft*/s*, where V is the average
velocity of water in the 8-in. inside-diameter piping involved.
Determine the amount of shaft power required.

Section (2)

8-in. inside-
diameter pipe

Section (1)

m FIGURE P5.121

5.122 Oil (SG = 0.88) flows in an inclined pipe at a rate
of 5 ft3/s as shown in Fig. P5.122. If the differential reading in
the mercury manometer is 3 ft, calculate the power that the
pump supplies to the oil if head losses are negligible.

el

6in.

B FIGURE P5.122

T 5123 Explain how you would estimate the vacuum
needed in a shop vac like the one shown in Video V5.2.

5.124 The velocity profile in a turbulent pipe flow may be
approximated with the expression

1 B (R _ r)l/n
U, R
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where # = local velocity in the axial direction, . = centerline
velocity in the axial direction, R = pipe inner radius from pipe
axis, r = local radius from pipe axis, and n = constant. Deter-
mine the kinetic energy coefficient, «, for (a) n = 5, (b) n = 6,
©@©n=7dn=28,(n=9F n=10.

5.125 A small fan moves air at a mass flowrate of 0.004
Ibm/s. Upstream of the fan, the pipe diameter is 2.5 in., the
flow is laminar, the velocity distribution is parabolic, and the
kinetic energy coefficient, «;, is equal to 2.0. Downstream of
the fan, the pipe diameter is 1 in., the flow is turbulent, the ve-
locity profile is quite flat, and the kinetic energy coefficient, a,,
is equal to 1.08. If the rise in static pressure across the fan is
0.015 psi and the fan shaft draws 0.00024 hp, compare the value
of loss calculated: (a) assuming uniform velocity distributions,
(b) considering actual velocity distributions.

5.126 This problem involves the force that a jet of air ex-
erts on a flat plate as the air is deflected by the plate. To pro-
ceed with this problem, click here in the E-book.

5.127 This problem involves the pressure distribution pro-
duced on a flat plate that deflects a jet of air. To proceed with
this problem, click here in the E-book.

5.128 This problem involves the force that a jet of water
exerts on a vane when the vane turns the jet through a given
angle. To proceed with this problem, click here in the E-book.

5.129 This problem involves the force needed to hold a pipe
elbow stationary. To proceed with this problem, click here in
the E-book.
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