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Analytic Geometry
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Find the distance between P, (4,6) and P2 (10,4).

Solution:
d=V{10-4?+(4-6° Step (1)

=V 36+ 4 (2)

= V40 (3)

=V 10) (4)

=2v10 (5)
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Find the coordinates of a point 1/4 of the way from P1(2,3) to P2(4,1).

Solution:
k:%, x=-x=2,y2—y=-2 Step(l)
1 3
x=2+32)=2+3=3 @
y=3+‘]—1{—2]=3—%=% 3)
Therefore, point P is i,é
22
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Find the midpoint of the line between P1(2,4) and P2(4,6).

Solution:

)
I
L

2+ 4)

=
I
et N}_L--

y=34+6)
=5

Therefore, the midpoint is (3,5).

Step (1)

2
E))
4
(3)
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Find the slope of the line connecting P2(7,6) and P1(-1,-4).
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Solution:
m= ‘% Step (1) m; = tan a mi; = tan o
Ay=p; -y =6—-(—-4)=10 (2)
Ax=x;-x =T=(=1)=8 @) et o
m :%=% ) then
m, =m:;
9) OQJI o 1
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tan o: = tan (a; | 20°)
= — Ot a,

ran o,

show that line L1 is perpendicular to line L2. Line L1 passes through
points P1(0,5) and P2 (-1,3). Line L2 passes through points P2(-1,3)
and P3(3,1).

SOL UTION: Let m  and m, represent
the slope of lines L1 and L2, respectively.

Py 10,51

\@

Then we have

= T 1
e P R <
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1.  Find the distance between P1 (5,3) and P2 (6,7).

2.  Find the distance between P1 (1/2,1) and P2 (3/2,5/3).

3. Find the midpoint of the line connecting P1 (5,2) and P2 (-1, -3).
4.  Find the slope of the line joining P1 (-2,- 5) and P2 (2,5).

5. Find the slope of the line perpendicular to the line joining P1(-3,6)
and P2(-5,-2).
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tan ¢ = tan (a; — a,)

- tan a; — tan iy
1 + tan a, tan a;

nmy —m,
1+ mm:

tan ¢ =

AIDYIN 7
Find the acute angle between the two lines that have m, = 1/2 and m, =2

for their slopes.

Solution:

such that ¢ = arctan (.75)

AUMTLEUAT

Linear Equation: ax+by =c - f’fiJﬂ"liLﬁ?’juﬁiﬂgﬂLmﬁJﬁﬁﬁ
1.  POINT-SLOPE FORM

MUUAANUFU m 1azla (x,.y,)

V=)
X=X

Sy=y=mkx-x)
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Find the equation of a line passing through the point (2,3) and having a

19819 9

(manwFunowleimuagadogant 1)

slope of 3. Find the equation of the line through the points ( - 3,4) and (4, - 2).
SOLUTION: SOLUTION: ~m=%=X Step (1)
x,=2and y, = Step (1) = @
T 4+3 7
Y=y =nmx-x) (2) : . : .
Letting (x,y) represent any point on the line and using ( - 3,4) as
Lp=3=3x=2) (3) ¢
y=3=3x-6 (4) Y4 =l -3 3)
or y—3x=—13 Ty —4)=-6(x+3) )
Ty - 28= —-6x~— 18 (5)
7y + 6x = 10 6)
Y ! o 1
AUNTLITUATY (A1D) M198719 10

2. SLOPE-INTERCEPT FORM (fM#uUAANNFY 1azadauny y)

Y
¥ | &
57
mx=y—2b ]
{a,b) S —!
y=mx+b 4 i
= ' X

Find the equation of a line that intersects the Y axis at the point (0,3) and

has a slope of 5/3.
SOLUTION:
y=mx+b Step (1)
y=3x+3 )
Jy=5x+9 (3)

or3y—5x=9
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What is the equation of the curve that is the locus of all points equidistant Write equations for lines having points and slopes as follows:

from the two points (5,3) and (2,1)?
1. P3,5), m= -2 ANSWERS:

V-2 +o-n=Ve-9T+0-3 1 l.y=-2x+11 or y+2x=11
2. P(-2,-1), m=7
=2 FO=1 <R =Pr F 0 =3 2. 3y=x~-1 or 3p-x=-1

YAy d 4y =2y 41 3. P(2,2) and Pi(—4,-1) LG SRET O 2-a=2

=x - 10x+25+) -6y +9 4, yintercept =2, m=13

4, y=3Ix+2 or y-3Ix=2
4y + 5= —6x + 34

4y = —6x+ 29

y=—-15x+1725

i 2 1iduaany mgaae AuMIFUATI (70)
y
Ll ¥ %
¢ LAURPIBUIUATLUNU X y
L2 dagiaums L1 wez L2 oglugl
y=>
ta,b)
X y=mx+b o LAUANTUIBLNY y
X=a X

Waums L1=L2 — 1§ x=a

unu X luawms Y1 wie y2 — 18 y=Db




AARANS28 (Conic Section)

hyperbola.

Equation and properties of a circle, a parabola, an ellipse, and a

e Polar coordinates and|Cartesian coordinates

r
_._-,.-l""-
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The locus

A conic section is the locus of all points in a plane whose distance from a

fixed point is a constant ratio to its distance from a fixed line. The

fixed point is the focus, and the fixed line is the directrix

The ratio referred to in the definition is called the eccentricitv (e).
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AANULEas wia AAa el
QINAUENA1 (eccentricity) 1a4MA
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~ircle: pla L T Hyperbola: plane cuts
S pl.l.nr: perpendicular Parabola: plane parallel Ellipse: plane oblique both halves of cone
1o cone axis R g . i
tor side of cone Lo cone axis
(x,y)

"

Circle: plane perpendicular
0 cone axis

< » ¥39nax ( Circle)

“A circle is a plane curve all points of which are at a fixed distance

(the r adius (r) ) from a fixed point (the center).

Vix-0T+(p-07=r

X+ py=r

LIRUBIRAYNAALUTEUILTIBE U
anqaasfiaauidsuuszunuily
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4 =
’Nﬂauﬂﬂﬂuﬂﬂﬁﬁﬂgﬂ (h,k)

4 4 7 5
wenldsugagudnaruiu (hk)

Vik-m+(y-ki=r

(x-hy+(y-ky=r

(x,y)

(x.y)

W30 @euanns 14 lugll

Ax?+Bxy+Cy?+Dx+Ey+F=0

1,1?\@ ¥+ +Bx+Cv+ D

Vix-07+(p-07=r
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Find the coordinates of the center and the radius of the circle described by

the following equation: e —dx-6y-3=0
Solution: ¥Agaums
xI—dx+y'-6y-3=0
(x—2P+(y-3 =44+9+3
x2—4x++y‘—6y-—3:0+
(x-2+(r—-3F=16
O —dx+d)+)y' —6y—-3=4

(x12P+y-6y-3=4 Center (2,3)

19814 15

Find the coordinates of the center and the radius of the circle given by the

27

equation x’+y1+%x—3y—ﬁ_0

SOLUTION: Rearrange and complete the square in both x and y:

]
=

f+?+ﬁ—w—%

(x’+%x++(y’—3y—%
(x‘+%.z+f-6)+(y’—3y+%)=4

b=
LY.

center at (-1/4,3/2) and a

(x -2y +— 1=4+9 (JH%)x + (y-g) =@ radius equal to 2.
-2 +0-3-3=4+9
% 1 ) = o
AIDYNNIAY HUURNHAINAY

Y a
1‘11!1J1\1ﬂiiﬁl§161"ﬂ%gﬁl@flwfﬂﬁﬂﬂ’dilﬂﬁ’NﬂmJ 1ugﬂgtuu
X+ +Bx+Cy+ D=0
EXAMPLE: Write the equation of the circle that passes through the points (2,8), (5,7),
and (6,6).

Solution: a¥waums 3 aums Tasmsunudr X, Y figedeq Tweumsthom ududszouaumaiienisr B,C uaz D

For (2,8) 4+64+2B+8C+D=0 2B+B8C+ D= 68 Equation (1)
2B+8C+D=-68 5B+7C+D=-74 [¥)]
For (5,7) 25449+ 5B+7C+D=0 6B+6C+D=~72 3)

SB+7C+D=-74
¥y —4dx—-6y—-12=0
For (6,6) 36+36+6B+6C+D=0

= +( - —12=4+9
6B+6C+D=-T72 (F —dx+4)+(y -6y +9)

(x=20+(=37=25

Find the coordinates of the center and the radius for the circles described

by the following equations: Answer:
4 29 2 L
1. ¥ = o + vl =4y 4+ 5% = 0 1. Center (5,2), radius 3

2. Ce —3,7), radius 9
2.+ 6x + ' — 14y = 23 nter (=3,7), radius

3. Center (7,-11), radius 12
1 Lo 13
4. Center (—5,—3), radius 5

5. Center (0,0), radius 1

X —ldx+y* + 22y = -26
4.x’+y‘+%x+%y='22—5

5. 3+ -1=0




Parabola: plane parallc]
1o side of cone

“Parabola is the set of the

points in the plane each of

DIRECTRIX

P ]

0 —

/
/"JEI—EF}-}E
/

which is equidistance from
a fixed point, the focus,

and a fixed line, the directrix.
Vix-a+y'=x+a

(x—ay +y'=(x+a)
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Parabolic radio
wave reflector

Outgoing light
Parabolic light P parallel to axis

reflector
e \\ ﬂ

_ Filament (point source)
at focus

HEADLAMP
\ RADIO TELESCOPE

FIGURE 10.14 Parabolic reflectors can generate a beam of light parallel to the parabola’s
axis from a source at the focus; or they can receive rays parallel to the axis and concentrate
them at the focus.

W151U5 (Parabola)

(x—a) +y' =(x+ a)’

Expanding, »x2-2ax+e+y?=x’+2ax+a’
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Find the equation of the curve that is the locus of all points equidistant

; ’
l from the line x = - 3 and the point (3,0).
Vix- (=30 + -9 =V (x + 3 m\v
Hs o T Vix-3+y-0 T
N | ‘ {8 VI Yk <A =5
| | ¥+bx+9=x—6x+9+ )
% aay Ay ¥ ml2x
c D
wislusranausnasagf (hk) upuHnians Tus

mmﬁuﬁam (0,00 y? = 4ax
#1sa (y-0)° = 4a(x-0)

4 { s I
wenldeugagudnarailu (hk)

(y — k)* = da(x — h)

1. (y — k)* = 4a(x — h), corresponding to y* = 4ax,
parabola opens to the right

2. (v — k) = — 4a(x — h), corresponding to y* = —4ax,
parabola opens to the left

3. (x — h)* = da(y — k), corresponding to x* = 4ay,
parabola opens upward

4. (x = h)?= —4da(y - k), corresponding to x* = —4ay,
parabola opens downward

W30 @eudnms 14 lugUnInszaevensdiusn
Expanding, Cy*+Dx+Ey+F=0

Give the equation; the length of a; and the length of the focal chord for the parabola,
which is the locus of all points equidistant from the point and the line, given in the
following problems:

ANSWERS:
1. The point (—2,0) and the line x = 2 1. y'=~8x,a=2, fc. =8
2. The point (0,4) and the line y = —4 2 x =6y, a=4,fe =16
3. The point (0,— 1) and the line y =1 3. 2= —4dy,a=1, fc. =4
4. The point (1,0) and the line x = — 1 4 yr=dx,a=1,fc =4




®© oy 245 (Ellipse)

An Ellipse is the set of all points in plane such that the sum

of the distances from each point on the ellipse to

Ellipse: plane oblique

to cone axis two fixed points (called the foci F1 and F2), is constant.
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Mars

Icarus

FIGURE 10.18 The orbit of the asteroid
Icarus is highly eccentric. Earth’s orbit is so
nearly circular that its foci lie inside the sun.
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Foci on the x-axis: —2 F =1 (a=>b)
e -a
¥
Center-to-focus distance: ¢ = Va® — b* ¥
¥
Foci: (¢, 0)
B

Vertices: (za,0)
yz
=

Foci on the y-axis: = =1 (a>=b)
a

b2
Center-to-focus distance: ¢ = Va? — b?
Foci: (0, £c¢)

Vertices: (0, +a)

W3ARAUENA19REN (h,k)

£2=1 (a = b) -h -k _
b e
a b

Center-to-focus distance: ¢ = Va® — b
Foci: (+¢, 0)
Vertices: (xa, 0)

Foci on the x-axis:

Ql\-'l;ﬁ\‘
+

. , e
Foci on the y-axis: b_z —2 =1 (a=>=b) L

b? a’
Center-to-focus distance: ¢ = Va? — b?
Foci: (0, c¢)
Vertices: (0, +a)

wsaa N DB uag lugl Ax*+Cy?+Dx+Ey+F=0
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What is the equation of the curve that is the locus of all points in which
the ratio of its distance from the point (3,0) to its distance from the line

x =25/3 is equal to 3/5?

(xy)

d=Vx-3+@p-0? il
d;=T—r %
0 {3,0)
ﬂ—:=%ord1=%d;

Wi.g(g_ﬁ_ )
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Reduce the equation  4x* + 9y* — 40x — 54y + 145 =0

gflugt] Ax*+Cy*+Dx+Ey+F=0

4x' —40x + 9y — 54y + 145 =0

4(x* - 10x) + 9(y* - 6y) + 145 =0 ﬁ

4(x = 10x +25) + 90 -6y + 9) —h} G-k,
= — 145 + 4(25) + 9%(9) & &
= — 145 + 100 + 81
=36

4(x ~ 57 +9(y -3 =36
Divide both sides by the right-hand (constant) term—>
This reduces to the standard form (x—5)? Lo 3)* _ {

x’—ﬁx+9+y’=%(x‘—%x+%) %}("+y’=]6 @y @y
9 £+L2:]
x’—6x+9+y‘=ﬁx‘—6x+25 25 " 16
= %] = =Y Y] = |
HUVHNATIA9T LUVANTIA9T

* Find the equation of the curve that is the locus of all points equidistant

from the following: Answer:

* L The points (0,0) and (5,4).
I 10x+ 8y — 41 =0ory=—125x + 4

e 2. The points (3, - 2) and ( - 3,2). ’
2. 2y=3x0ry=5x

3. The line x = - 4 and the point (3,4). 3. i = ik~ 9or (< 4 = 14 7

4. x* + 10xy + 25y — 168x — 268y + 1050 = 0

e 4. The point (4,5) and the line y = 5x - 4.

Express the following equations as an ellipse in standard form:

1. 5x* — 110x + 4y* + 425 =0 ANSWERS:
2. % — 14x + 367 — 216y + 337 = 0 PURE.A | ) P
6)° (3V3)
3. 9x' — Sdx+ 4y  + 16y + 61 =0
2 =T -3
4. 3¢ — Mx+ 4y + 11 =0 6y b
G-, D
@r Qr

Gt

x—iz . # 1=1
G &)




Farabols: plase paralicl
1o side of cone

A hyperbola is the set of all points
in the plane such that the distances
from each point to two fixed points,

the foci, have a constant different.
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A hyperbola is a conic section with an

eccentricity greater than 1= ¢ = ae
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DIRECTRIX

lalasiug (Hyperbola)
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since ¢ > a for a hyperbola

lanlastus (Hyperbola)
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(X—h)z_(y—kf:l

a? b?
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iVijl_(X_b}ﬁLg

general form

Ax?+Cy*+Dx+Ey+F=0
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